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Abstract: - The concept of bitopological space was first introduced by J.C.Kelly'in,1963 (i.e) a non empty set X equipped
with two arbitrary topologies T_1 and t_2.The concept of generalized closed sets plays a significant role in general
topology and these are the research topics of many Topologists worldwide.In 1970 Norman Levine introduced the
concept of generalization of closed sets in topological spaces and he defined the 'semi-open sets and semi-continuity in
bitopological spaces.The concept of continuity in topological spaces was extended\to bitopological spaces by Pervin
(1967).we have already introduced (i,j)-g”(##) closed sets (i.e)a subset A of a bitopelogicaléspace (X,t_1,t 2') is called
(i,))-g”(##)-closed if T_j-cl(A)SU,whenever ACU,U is t_i-g™-open in (X,t_1 [,r] _2)and some of the properties were
discussed. In this paper we introduce (i,j)-g”(##) continuous functions in bitopological spaces and discuss the relation
with other continuous functions and obtained their characteristics
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. INTRODUCTION Definition 2.2 A subset Aof a bitopological space
_ _ (X, 7;,7;) iscalled
A triple (X, 7,,7,) where X is‘a-non-empty set 7; and 7, 1. a (i,j)-g-closed[4] if 7;-cl(A) € U whenever
are topologies on X is called a bitopological spaceyand

A c UandUisopenin ;.

a (i,j)-g*-closed[14] if 7;-cl(A) € U whenever

Ac UandUis g-openin ;.

3. a(i,j)-gs-closed[15] if 7;-scl(A) € U whenever
A c UandUisopenin ;.

4. a  (i,j)-gsp-closed[3] if t;-spcl(A) S U

whenever A € U and U is open in t;.

Kelly[7] initiated the study of such/ spaces.In 2
1985,Fukutake[4] introduced the conceptsof g-closed sets
in bitopological spaces.Inthispaper we introduce new type
of continuous map called (i, j)-g** continuous map by
applying (i,)-g** closed sets[12] in bitopological spaces
and investigated their properties.

M. PRELIMINARIES 5. a(i,j)-gpr-closed[6] if Tj-pCl(A) C U whenever
Ac UandUisr-openint;
Definition 2.1 A subset.A of a topological space (X, 1) is 6. a(i,j)-(g"p)"-closed[17] 7;-cl(A) S U whenever
called Ac UandUis g p-openin t;.
1. regular-open set[10]if A = int(cl(A)) 7. a (i,j)-g"-closed[16] t;-cl(A) €U whenever
2. generalized closed set[8](g=closed) if cI(A) cU AcUandU isag-openin ;.
whenever A € U and U is openin (X, 7). 8. a(i,j)-g™-closed[11] if 7;-cl(A) € U whenever
3. generalized star closed set[16 ](briefly g*-closed) if AcUandUis g*-openin t;.
cl(A) € U whenever A€ U U is g-open in (X, 7). 9. a (i,j)-g**-closed[12] if 7;-cl(A) € U whenever
4. g*-closed set[18] if cL(A) € U whenever A € U and U AcUandUis g*-openin ;.
is ag-open in (X, 7). 10. a (i,j)-wg-closed[5] if  7;-cl(int(4)) S U
5. a-closed[9] if cl (int(cl(A))) cA whenever A € U and U is openin t;.
6.a a-generalized closed[2] (briefly ag-closed) if 11. a (i,j)-rg-closed[1] if 7;-cl(A) € U whenever
acl(A) € U whenever A € U and U is open in (X, 7). A C UandU isr-openin z;.
7. g*p-closed[17] if pcl(A) € U whenever A € U and U 12. a (i, j)-ag-closed[13] if 7;-cl(A) S U whenever
is g-open in (X, 7). A cUandUisopenin t;.
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Definition 2.3 A function f: (X, t,,7,) — (Y,01,0,) is
called

1. (i,j)-g-continuous[4] if f~1(V) is a (i,))-g-
closed in (X,74,7,) for every closed set V of
(Y, 04, 0,).

2. (i,j)-g*-continuous[17] if £F~2(V) is a (i,))-g*-
closed in (X,74,7,) for every closed set V of
(Y, 04, 0,).

3. (i,j)-gsp-continuous[3] if F~1(V) isa (i,j)-gsp-
closed in (X,t,,7,) for every closed set V of
(Yv 0-1'0-2)'

4. (i,j)-rg-continuous[1] if f~1(V) is a (i,j)-rg-
closed in (X,t,,7,) for every closed set V of
(Y,01,0,).

5. (i,j)-wg-continuous[5] if f~1(V) is a (i, j)-wg-
closed in (X,7,,7,) for every closed set V of
(Y' 0-1'0-2)'

6. (i,j)-gpr-continuous[6] if f~1(V) isa (i, j)-gpr-
closed in (X,t,,7,) for every closed set V of
(Yv 0-1'0-2)'

7. (i,j)-g**-continuous[11] if f~1(V) isa (i, j)~g"*-
closed in (X,t,,7,) for every closed set V “of
(Y' 0-1'0-2)'

8. (i,j)-ag-continuous[13] if F~1(V) is a (i,j)-ag-
closed in (X,t,,7,) for every closed, set V of
(Y' 0-1'0-2)'

9. (i, )-((g™p)*) continuous[d7]if f~*(VYisa (i, ))-
((g*p)*)-closed in (X, 3, T,) for every closed set
Vof (Y, 0y, 0,).

10. 7j-0;, continuous[14] if f1(V), € 7; for every
V €oy.

We introduce the following definition:

Definition 3.1

Amap f: (X%1,,7,) = (Y, 0,,0,) from a topological space
(X, 14, 7) to atopological space (Y, 07,65) is called a (i, f)-
g™ continuous'if the inverse image of every closedsset in
(Y,0y,0,) in (G, j)-g"* closed setin (X, 7y, 7).
Preposition 3.2:Every continuous map is (i,j)-g**
continuous.

Proof :Let f:(X,1.,73) = (Y,0,,05) be a continuous
map.

To prove: f is (i,j)-g** continuous.

Let V be a closed set in (Y, g,,/05).

Since f is continuous, =t (V'is closed in (X, 74, T5).
Since f~t (V)is (i,j)-g™* closed.

Hence f is (i,)-g** continuous.

Remark 3.3 Converse of the above proposition is not true
in general as seen from the following example.

Example 3.4:Let X ={a,b,c}
TI:{(p' X, {a}, {a, b}}:TZ:{(p: X, {a}, {b, C}}

And letY = {p,q} 0:={9, Y, {p}}.0,={0. Y, {q}}

Let f:(X,7,72) » (Y,04,0,) be defined by
fb)=f(c)={p} and f(a)={q}
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To prove : f is (i, j)-g** continuous but not continuous.
=Y (p)={b,c} and f~* (q)={a} are (i,j)-g** closed in
X, 71, 72)

Therefore £ is (i,j)-g** continuous.

But 71 (p)={b,c} and f~! (g)={a}are not closed in
(X, T1, TZ)'

Therefore f is not continuous.

Proposition 3.5: If f:(X,74,75) = (Y,04,07) is ;-0
continuous,then it is (i, j)-g** continuous.

Proof: Let V be a closed set in (Y, g4, 05)

Let V be gy -closéd:Then f~* (V) is 7;-closed and every ;-
closed set is (i, j)-g** closed.

Therefore £~ (V)is (1, )-g* elosed.

Hence £ is (i, j)-g*# continuous.

Remark 3.6: Converse of thefabove proposition is not
true as seen from the\ following example.
Example 3.7: Let
|T1={(p' X' {b}}vfzz{(ﬂ' X, {C}} and

01 ={(P, Y' {a}}ﬂz:{(ﬂ' Y' {b}' {C}}

Define a mapping o, 1) » (Y,00,0,) by
f(a)=f (b)=c;f(c)=a

fA)={azb} _and f~(d)=c are (i,j)-g"** closed in
(X, T1y TZ)

Hence f is a (i, j)-g™* continuous map

{c} €0, but f~1(c)={a, b} is not a 1, closed.

Therefore f isnot t,-a, continuous.

Propaosition’3.8: Every (i, j)-g-continuous map is (i, ))-
g™ continuous.

ProofiLet V be a closed setin (Y, 04, 05,)

Then f~1(V) is (i,j)-g- closed and every (i, j)-g-closed
set is (i, j)-g™* closed.

Therefore f=1(V) is (i, j)-g™* closed.

Hence f is (i, j)-g™* continuous.

Proposition 3.9:Every (i, j)-g"# continuous map is (i, j)-
gpr continuous.

Proof: Let f:(X,7,,7,)— (Y,04,0,) be a (i,j)-g**
continuous map.

To prove : f is (i, j)-gpr continuous.

Let V be a closed set in (Y, gy, 7).

Since £ is (i, j)-g™* continuous,f~* (V) is (i, j)-g™* closed
in(X,14,7,).

F~r (W) is (i, j)-gpr closed.

Hence f is (i,)-gpr continuous.

Remark 3.10: Converse of the above proposition is not
true as seen from the following example.
Example 3.11: Let
,le{qo,X, {b},{a, b}},‘L'Z:{ga, X, {a, c}} and
0-1 :{(p' Y! {b! C}}!O-ZZ{(p! Y! {a, b}}

Define a mapping f:(X,1y,75) » (Y,00,0,) by
f(a)=f(b)=c;f(c)=a

f1(c)={a, b} and f~1(a)=c are (i,j)-gpr closed set in
(X, T1, TZ)

Hence f is a (i, j)-gpr continuous map.

X=Y={a,b,c}

X=Y={a, b, c}
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f1(c)={a, b} is not a (i, j)-g** closed.

Therefore £ is not (i, j)-g*# continuous.

Hence f is (i,j)-gpr continuous but not (i,j)-g**
continuous.

Proposition 3.12: Every (i, j)-((g*p)*) continuous map is
(i, /)-g™* continuous.

Proof: Let : Let f:(X,74,7,) = (Y,00,05) be a (i,))-
((g*p)*) continuous map.

To prove: f is (i,j)-g** continuous.

Let V be closed setin (Y, gy, 0,).

Since f is (i,j/)-((g*p)*) continuous,f~* (V) is (i,j)-
((g*p)*) closed in (X, 74, 75).

Since Every (i,/)-((g*p)*) closed set is (i, j)-g** closed.
So 1 (V) is (i,))-g** closed.

Hence f is (i, )-g** continuous.

Remark 3.13:Converse of the above proposition is not
true as seen from the following example.

Example 3.14: Let X={a, b, c}
171:{(/)' X, {a}}ﬂ'z:{(ﬂ,x, {a}! {a' b}} and Y:{p' q}

01 :{(P, Y' {p}}:azz{(ﬂ; Y' {CI}}

Define a mapping fi(X,tq,15) = (Y,00,08) by
f(@)=f(c)=p;f (b)=q

To prove: fis (i,j)-g** continuous but not (i, ))-((g*p)*)
continuous.

f(»)={a,c} and f~1(q)=b are (i,))-g** closed set in
(X, 14, 72) but not (i, ))-((g*p)*) closed in (X, Ty, T2).
Hence f is (i,j)-g** continuousfbut not (i,/)-((g'p)*)
continuous.

Proposition 3.15: Every (i,f)-g* continuous map'is_(i, j)-
g™ continuous.

Proof : Let f:(XfTy,%,)— (Y,0.,05) be (i,))-g*
continuous.

Let V be a closed set in (Y, ay, 03).

Let us prove that f~1(V) is (i, j)-g"* closed in (X, 7y, 75).
Since f is(d,j)-g* continuous, fZX(). is (i,j)-g* closed.
Fr(V)4is (G, j)-g™* closed,since Every (i, j)-g* closed set
is (i, )-g™" closed.

Therefore f is (i, j)=g"* continuous.

Remark 3.16: Converse of the above proposition is not
true as seen from the following example:

Example 3.17: Let X=Y={a, b, c}
!le{(p; X; {b}}szz{(p,X, {C}} and
61:{(P, Y: {bl C}};O_zz{@: Y’ {a}}

Define f: X, t,15) = (Y, 0q,0,) by

f@)={b, c}.f (b)=f(c)={a}

fHb,c}={a} and f{a}={b, c}

f~Ha}={b,c} and f~{b, c}={a} are (i,j)-g"* closed sets
in (X,7q,73)

Hence £ is (i,j)-g** continuous map.

f~YHa}={b,c} and f~1{b, c}={a} are not a (i,)-g* closed
set.

Therefore f isnot (i,j)-g* continuous map.

Hence f is (i,j)-g** continuous but not (i,j)-g*
continuous.
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Proposition 3.18: Every (i,j)-g*# continuous map (i, j)-
wg continuous.

Proof : Let f:(X,t4,75) — (Y,04,0,) be (i,))-g**
continuous.

Let V be aclosed setin (Y, oy, 05).

Let us prove that f~1(V) is (i,)-wg closed in (X, 7, 7,).
Since f is (i,j)-g** continuous, f~1(V) is (i,))-g**
closed.

Since every (i,j)-g** closed is (i, j)-wg closed, f~1(V)
is (i,j)-wg closed.

Therefore f is (i5y)-wg continuous.

Remark 3.19: The converse of the above proposition is
not true as seen' from the following example:

Example 3.20:

LetX=Y={a, b, c} 1, ={(p, X, {a}Aa, c}},rz ={(p, X; {a}} and

0-1:{(1)' Y' {a' C}}:Uzz{(P' Y' {C}}

Define fi (X, 1, 1) = (Y,00,05) /by  f(c)={b},
f(@=f(b)={c}

fi{b}={c} and f~*{c}={a, b} are (i, j)-wg closed sets in
(X, T1'T2)

Hence f is (i,j)-wg continuous map.

f~¥b}={c} is not (i,j)-g* closed setsin (X,1,,7,).
Therefore f iSotu(izg)-g** continuous.

Hence f is (i,j)-wg continuous but not (i,j)-g**
continuous.

Proposition 3.21: Every (i,j)-g*#-continuous map is
(i, )=rg continuous.

Proof:Let f: (X,7,,7,) — (Y,0,,0,) be a (i,j)-g**-
continuous map.

Letws prove that f is (i, j)-rg continuous

Let V be a closed set in (Y, 04,0,)

Since £ is (i,j)-g"#-continuous, F~(V) is (i,j)-g"#-
closed.

Every (i,j)-rg-closed set is (i, j)-g™* closed.

Therefore f~1(V)is (i,j)-rg closed.

Hence f is (i, j)-rg continuous.

Proposition 3.22: Every (i, j)-g*# continuous map (i, j)-
gsp continuous.

Proof: Let f:(X,1,,75) = (Y,00,0,) be (i,))-g**
continuous.

Let V be a closed setin (Y, g4, 03).

Let us prove that f=1(V)is (i,j)-gsp closed in (X, 1, T,).
Since f is (i,j)-g** continuous, f~*(V) is (i,j)-g**
closed.

(V) is (i,j)-gsp closed.since every (i, j)-g** closed is
(i,j)-gsp closed.

Therefore f is (i,j)-gsp continuous.

Remark 3.23: The converse of the above proposition is
not true as seen from the following example:

Example 3.24:
Let X=Y-=
{a, b, c},rlz{ga, X, {b},{a, b}},rf{(p, X, {a, c}} and

0—1:{¢I Y’ {a, b}}lO—Z:{¢I Y’ {C}}
Let f: (X,74,72) = (Y, 0y, 0,) the identity map.
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Let us prove that f is (i,j)-gsp continuous but not (i, j)-
g™ continuous.

FY(c)={c} and f~(a,b)={a, b} is (i,j)-gsp closed in
(X: Tl'TZ)'

Hence f is (i, j)-gsp continuous.

f~1(a, b)={a, b} is not (i, j)-g** closed in (X, 14, ;)
Therefore £ is not (i, )-g*# continuous.

Hence fis (i,j)-gsp continuous but not (i,j)-g**
continuous.

Proposition 3.25: Every (i, j)-g** continuous map (i, j)-
ag continuous.

Proof: : Let f:(X,ty,7,) = (Y,0,0,) be (i,))-g**
continuous.

Let V be aclosed setin (Y, gy, 03).

Let us prove that f~1(V) is (i, j)-ag closed in (X,1,,7,).
Since f is (i,j)-g** continuous, f~1(V) is (i,j)-g**
closed.

Since f~1(V)is (i,j)-ag closed.

Therefore f is (i,j)-ag continuous.

Remark 3.26:The converse of the above proposition isnot
true as seen from the following example.

Example 3.27:

Let X=Y=
{a, b' C}y‘[i:{(l” X' {a}’ {b’ C}}1T2:

{¢.X,{a},{b},{a, b}, {a, c}} and

0'1:{(P, Y' {b' C}}ﬁz:{(P' Y' {a}}

Let f: (X, 1q,72) = (Y, 0y, 0,) theddentity map.

Let us prove that f is (i, j)-ag eontinuous but not (i, j)-g**
continuous.

fY(a)={a} and f~1(b, &)={b, c} is (i, j)-ag. closed sets in
(X' T1, TZ)'

Hence f is (i, j)-ag'continuous.

f~Y(a)={a} is not (i, j)-g™# closed in (X, 74, 7,).
Therefore f.isnot (i,j)-g** continuous.

Hence f4is (i,j)-ag continuous sbut not (i,)-g**
continuous.

Proposition 3.28: Every (i, j)-g*#-continuous map (i, j)-
g™ continuous.

Proof :Let f: (X, 71,73 — (Y,04,0,). be a (i,j)-g"**-
continuous map.

Let us prove that f is (i,5)-g* continuous

Let V be a closed set in (Y, a;,0%)

Since f is (i,j)-g*#-continuous, f~1(V) is (i,))-g**-
closed.

Every (i, j)-g**-closed set is (i, j)-g** closed.

Therefore f~1(V)is (i,j)-g** closed.

Hence f is (i,j)-g** continuous.

Proposition 3.29: Every (i, j)-g*# continuous map (i, j)-
gs continuous.

Proof: Let f:(X,17,,75) = (Y,00,0,) be (i,))-g**
continuous.

Let V be aclosed setin (Y, 04, 0,).

Let us prove that f~1(V) is (i, j)-gs closed in (X, 7, T,).
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Since f is (i,j)-g"** continuous, f~1(V) is (i,j)-g**
closed.

YW is (i,j)-gs closed.

Therefore f is (i,j)-gs continuous.

Remark 3.30: The converse of the above proposition is
not true as seen from the following example:

Example 3.31:

Let X =
Y{a,b, c},’rl:{(p, X, {a},{qa, b}},rf{(p, X, {a},{b} {qa, b}} and
a1={¢,Y,{a,c}},0,={0,Y,{b, c}}

Let f: (X, 14, 72) =u(Y, 01, 0,) be the identity map.

To prove: f is' (i, j)-gs»continuous but not (i,j)-g**
continuous.

fYa)={a} and f21(b)={b} is (@)))-gs closed sets in
(X' T1'T2)'

Hence f is (i, j)-gs continuous.

fY(a)={a} and f~NB)={b} is not (i,5)-g** closed in
(Xv T1,T2).

Therefore £ is not (i,j)-g** continuous.

Hence f is (i,j)-gs conmtinuous but not (i,;)-g**
continuous.

Proposition 3.32: Every (ijf)-g* continuous map is (i, j)-
g™ continuous.

Proof : Let fi(X, 7, 7,) ~ (Y,00,0,) be (i,))-g*
continuous.

Let V be a closed set in (Y, g4, 03).

Let us provethat f~1(V) is (i,)-g** closed in (X, 7, 75).
Since fis (i, j)-g* continuous, f~*(V) is (i,j)-g" closed.
(W) is (i, j)-g** closed.since Every (i, j)-g* closed set
is (is7)-g** closed.

Therefore f is (i,j)-g** continuous.

Remark 3.33: The converse of the above proposition is
not true as seen fromthe following example:

Example3.34: Let
71={@, X, {b}},1,={, X, {a,c}} and Y={p, ¢}
o ={9. Y, {p}}.0={0, V. {¢}}

Define a mapping f:(X,1,1,) » (Y,00,0,) by
fb)=f(c)=p;f(a)=q

f1(p)={b,c} and f~*(q)={a} are (i,j)-g** closed set in
(X,t4,7,) but not (i, j)-g* closed in (X, t,7;)

Hence f is (i,j)-g** continuous but not (i,j)-g*
continuous.

Proposition 3.35: Let f:(X,74,7;) = (Y,07,0,) and
g:(Y,01,0,) = (Z,n1,m,) be two maps.Then (go f) is
(i, j)-g™* continuous if g is continuous and f is (i, j)-g**
continuous.

Proof: Let V be closed set in (Z,1,,75).

Let us prove that (go f)~t(V) is (i,j)-g** closed in
(Y,04,0,).

Since g is continuous,g~*(V) is closed in (Y, gy, 55).
Since f is (i, j)-g** continuous,f~*(g=1(V)) is (i, )-g**
closed in (X, tq,75).

Therefore (g o £)~1(V) is (i,)-g** closed in (X,1,,7,).
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Therefore (g o f) is (i,j)-g** continuous
The above results can be represented in the following

figure:

| (&.j+((g"p)") contimpus | (i, j)-gzp continuous

10.

(6 f)-+g cantioupus,
(i,j}5-g,continuous
(i, )-zpr continuous

(i, j)-wg continuous
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