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Abstract: - In this paper, left singularity and left regularity in a near-idempotent,I'. — semigroup are defined. In a near-
idempotent I'- semigroup Aa is left singular and it is also proved that every & class in @near-idempotent I' — semigroup
is left (right) singular if and only if S is left (right) regular. &- class is defined and ‘proved that'it,is a near null semigroup.
Also &a &b c & for all a,b in S and &ab= &a in a left singular near-idempotent T — 'semigroup. Any near-idempotent T' —
semigroup is left regular if and only if p = & and right regular if 2 = &. Also any nearidempotent T = semigroeup is near-
commutative if § = &. Any near-commutative I' — semigroup is near commutative if.only and only if itis both left and
right regular.
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I. INTRODUCTION

David Mclean[10] has obtained a decompaosition of a band
into more special bands. He has obtained a band as a
semilattice union of rectangle bands.” Motivated by this
result, we have attempted to obtain a near idempotent I'-
semigroup as a union of morefspecialnear idempotent I'-
semigroups. We obtain each §-class as arectangularsnear-
idempoent I'- semigroup@nd each A(p) classas aleft (right)
singular near idempotent I'=semigroups. We also show that
a left(right) singular near idempotent I'-semigroup is a
semilattice union of left(right) singular near idempotent I'-
semigroups.«"We characterize left(right) regular “F-
semigroup‘in terms of the relations defined on it.

1. PRELIMINARY.

DEFINITION I1.1: LetS be a I'- semigroup: Then S is said
to be a near — idempotent T- semigroup™if xyiy?y.z =
xy1yyzz forall x,y,z € Sand,y1,y2 €T

DEFINITION 11.2: Let S be a I'=" semigroup. Then S is
said to be left-regular near-idempotent I'- semigroup if
X V1YY 2Zysyyaw = X y1yy2zysw for all x,y,zw € S and y:
Y23 V4 ETD

DEFINITION 11.3: Let S be a I'- semigroup. Then S is said
to be left-singular near-idempotent I'- semigroup if
X Y1Yy2zysw= X y1yy.w for all x,y,z,we Sand y1,y2,y3 €
r
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DERINITION I11.4: A semigroup R is called a rectangular
near idempotent " —semigroup if R is a near idempotent
semigroup-and it satisfy the identity

X Y1Yy2ZysyyswW= X y1yy.w for all x,y,z,we S and y;
Y2V, V4 ET
DEFINITION,I1.5: Let S be a near - idempotent TI-
semigroup and a and b, elements of S. We define the
relation 2'and p on S as follows:

asA b if and only if Xyijaybysy = xyi'ay2y and
Xyiby.aysy=xyi'bysyforallx,y eSand yi,y2,y3 v1,
]/2' er

a p bifand only if xyiaybysy = xyi' by2y and
Xyiby2aysy = xyi'ay?'y forall x ,ye S and y1, y2, v3, y1'
}/2' er

Both A and p turn out to be an equivalence relation on S.

LEMMA 11.6: Let S be a near-idempotent I'- semigroup.
Then the relation A is an equivalence relation on S.

Proof: xyi1a?y,z = xyiay.z forall x,y,a€ Sand yi,y2 €T
, by the definition of near-idempotent semigroup, so that a
A aforall ain S. Hence, A is reflexive.

Let a 4 b. Then, xyiaybysy = xyiay2y and
Xyibysaysy =xyibysy forall x,y € Sand yi1,y2,y3 €T
which also implies b A a. Hence, A is symmetric.

Letadbandb Ac. Then, forall X,y € S. We have,
Xyiay2b ysy = X yiayay and X yib y.a ysy = xXyiby2y and
Xyiby2Lysy = Xyibyzy and XyiCy2bysy = Xyi cyay.
Hence X y1ayaC Y3y = Xy1 ay2 Cysy = Xy1 a]/zb Y3 Cysy =
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Xy1 ayz2 byscyay=xyi1aybysy=xyiayqyforall x,y €
S.

Similarly, X yiCy.aysy = Xy1 cybys aya y= Xy1
cy2 bysayay= Xyi cy2 bys y=xyicyy forall x,y € S.
which implies a A ¢. Hence A is transitive. Thus A is an
equivalence relation on S.

Dually, we can prove that p is an equivalence relation on
the near — idempotent I'- semigroup on S.

LEMMAI1.7: Let S be a near-idempotent I'- semigroup. Let
aAb. Then,ayic=byscforallc €S.
Proof: Leta A b where a, b € S. we claim that for any c €
S, ayic=byaC

al b=xyaybysy=xyiayyandxyiby.aysy
= xyib yay forall x,y € S. Then for all x, ye S we have
Xy1ayzCys DysCysy = Xyiayz Cys byaCys y = Xyiayabys
CyabysC ys Y= Xy1 ay2 (bysCys)*y = Xy1ayzbyscyay (by the
definition of S) = Xyiay2bys cys y= XyiayaCysy and
Xy1 byzCys ayaCys Y = Xy1 byz CysaysCys y = Xy1 byaays
CysaysC ¥s Y = Xy1by2 (aysCy4)®y = Xy1 byzayscyay(bythe
definition of S)= Xy1 byzayscysy = X yib y2Cysy leading
to ayic = b yac forall c € S .Hence A is a right congruence
onS.

Dually, p is a left congruence on S.

RESULT I1.8: We now consideér the, composition of two
relations A and p as follows

Let S be a near-idempotent T'- semigroup.Then forany
a, b €S, we say that
a Ao pbifthereexistsc €S, suchthata 2 candcyp b

LEMMA 1149: If S is a near-idempotent I'- semigroup, then
Aop=pledinS.

Proof: we first prove that 1 o p c p o 1 Leta A o pb.Then
there exists ¢ € Ssuchithata A ¢ and ¢ p b.

a A C = Xy1ay2Cysy = Xyaayzy and Xyicyzaysy = Xyicyzy
forall X,ye S ,y1, y2,y3, €. Choose d = a yicyzb. Then for
all x,y€ S, xy1ay2dysy = Xy1 ayzmaysCysbys y= Xy1 a2
Cysbys Y=Xy1 ay2 Cysbys y S Xy1 ayoLysbys y =xyadyzy
and

Xy1dy2aysy = Xy1 ayz Cysbys aysy = Xyi ayzbys aysy
= Xyiay2bys ayaCys y = XyiayoCysy (sinceb pc, pisa
left congruence) = xyay2y.

But Xxyiay.Cysy = Xyiayzy. So that finally we get
Xyidysaysy = Xyiayzy. Therefore a p d .Similarly,
Xyidyabysy = XyiayaCysbysbysy =xyiayzc ysb*ysy =
Xy1ay2Cysbyay = xyidyoy for all x, y in S. Xy1by.dysy =
Xy1 byz aysCyabys y =Xyibyzays cysbys y = Xyibyaays
bys y =Xyr Dbyz aysbysy= xy1 cCyabys aysbysy =
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XyiCy2bysy (since A is a right congruence ayib 1 cy2b).
But xyicy2bysy = xyibyay, so that we get xyiby2dysy =
Xyibyz2y. Henced A ¢. Thusapd,d A bsothatapo A
b. This gives 1 o p € p o A . By similar argument, we can
prove that

podclop.Thuswegetlop=po Al

We now define the relation & on S as follows

DEFINITION 11.10: Let S be a near —idempotent I-
semigroup. Leta, b € S. We define §= 1 o p. In other words,
a ¢ b if and onlynif there exists ¢ € S such thata Ac and ¢
pb

We have already prove that we.p = p o 1. Hence we can
writea 1o p borap o A binstead for.a 6 b.

LEMMA 11.11: Let S'be a near-idempotent I'- semigroup. &
is an equivalence relation.on'S.

Proof: Forallain$S,aAaandap a. Since A and p are
reflexive so that a A o p b which means a § a. Hence & is
reflexive.

a § b=>aAlopb= there exists u € S such that a
Auandu p b= there existsu e Ssuchthatbpuanduia
since A and prare.symmetric > bpoAa=b§a[since 1
o p=poA=4].Hence § is symmetric.

ad b,bd c=thereexistsu, v e Ssuchthata
uandupb,bAvandvpcsinceupbandbAvwe have
UupeAVviwe haveudopVv.Since Ao p = p o A. Thus there
existsw € S'suchthatu Awandw p v.
aduandu A wsothata A w;w p vandv p cso that
w p c‘Thereforealeopc
i.e., a § c. Thus § is transitive. Hence § is an equivalence
relation on S.

I11. DECOMPOSITION OF NEAR IDEMPOTENT TI-
SEMIGROUP

Theorem I11.1 : { 52 /a€S } is a semigroup under the
operation 8a* 6p = Oap

We now prove that every 6- class is a I'- subsemigroup of
S.

Theorem 111.2: Let S be a near-idempotent I'-semigroup and
a € S.Then §a is rectangular near-idempotent I'-semigroup.

Proof: Letx,y,z,WE .. x8a,ydazda,wda By
transitivity y 6 z. Hence for all X, w € S. Xy1y y2zysyyw =
Xy1Y y2W and Xyi1Z y2yysZysW = XyiZ yow. This result is
true when x, w € §aalso. Thus we have Xy1y y2zysyysw =
xy1y y2w for all X,y,z,w € &§..Hence §ais rectangular near
idempotent I'-semigroup.
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Theorem 111.3; Let S be a near-idempotent I'- semigroup.
Then for ae S, A, is left-singular near idempotent I'-
semigroup.

Proof: Let S be a near-idempotent I'- semigroup. Consider
the relation Aon S. Fora,b € S

a A bifandonly if xyiaybysy = xyiayy and
Xyibyzaysy =xyibyzyforallx,y € Sand y1,y2,y3€T
.Consider an equivalence relation A, where a € S.We claim
that 1. is a near left — singular near-idempotent T'-
semigroup. Letu,veds.atluandaAdv.Forallx,y €S
XyiayaUysy = Xyidyzy , Xywyaaysy = Xyilyzy and
Xy1ay2V ysy = X yiayay , XyivVyza ysy = X yiayzy. For all x ,
Y € S.Xy1 uyaVys ayay=Xyiyz. Vysays y= X yiUy2vysy
and Xyiayz UysVys Y=XyidyaUysVys Yy = Xyidy2vysy =
X yiay2y. Here, uyv Aa. Hence uy v € 4,.

Aa is a subsemigroup of S. Also Xyi1uyavys = Xy1 uy2ays
Vysy = Xyiuyz aysVys Y = Xyiuyz ays Y = Xywuyzy and
Xy1vyaUys Y= Xy1 vy2ays Uysy = Xyivyz aysUys yi=
Xyivyaaysy = Xy1Vvy2y for all X, y in S. Hence it is also'true
forall X,y € Aa. Thus for

X, U, V, Y € Az, Xy1UyaVysy = Xy1uyzy. Hence 1, is a left
— singular near-idempotent I'- semigroup.

Theorem I11.4: Let R be a rectangular near-idempotent I'-
semigroup. Then fora, b € R, A2 1, € 4%

Proof: Letu € A;and v € A, .Then X@z1uy2aysy = X yal y2y
and X yi1a yaU y3y = Xyaay2y , Xyavyeb ysy = X yivyay and
XyibyaV ysy = X yibyay.

XyiUyaVys bys Yy = XyiUys Vysbya Y = XyiUyVysysand
Xyibyz  Uysvysy = Xyabyavys  uyaVys o, yo="Xyiby2
Vysuyavysy = Xy1 byavys .= xyiby2y [sinceu, v € R and
hence Xy vy Uuysvyay = Xyavysy ]. Thus, uyV'€ Apii.e, Aa Ap
C Ap foralla,binR

Note I11.5:1f we define an operation ¢ on { 1,/ a € R } such
that 1,02 = Acif and only if A2 Ap © A¢ then from the above
discussions of thistheorem it is clear that Az & Ab = Ay . Thus
R is right-singular band of left — singular near-idempotent
I'- semigroup.

Now we move on to, verify that left (right) regular
near-idempotent I'- semigroupuis a semilattice of left (right)
singular near-idempotent I'-'semigroup.

Theorem I11.6: S is a left (right) regular near-idempotent I'-
semigroup if and only if every §-class in S is a near left
(right) singular near-idempotent I'- semigroup.

Proof: Let S be a left (right)regular near-idempotent I'-
semigroup. Then X y1yy2zysyyaw= X y1yy2zysw for all x, y,
z,weSand y1,y2,¥3, V4 € - (1). Leta €S. ais
a rectangular near-idempotent I'-semigroup of S. Hence,
X Y1Yy2zysyysw= X y1yy2w forall X, y, w, z in §5 ----------
-(2)
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(1) and (2) gives xy1yy2zysw = xy1yy2w for all X,y, z, win
da . Hence &, degenerates into a near left singular near-
idempotent I'-semigroup .

Conversely, let a, beS. ayib § byqa, ab, ba are in the same
d-class. They are in a near- idempotent I'-semigroup. For
all X, y€S. xy1 ayzbys bysays y = xyiayzbysy =
Xy1 ay2b’ysaysy = Xyiay2bysy= Xy1 ayabys a yay =
Xy1ay2bysy.

Therefore S is a left —regular near idempotent I'-semigroup.

IV. LEFT SINGULARITY AND LEFT REGULARITY IN
NEAR IDEMPOTENT.I- SEMIGROUP

DEFINITION 1V.1; Let S<be a nearsidempotent -
semigroup. Let a, b € S.We say that a £ bifand only ifa 1
b and a p b. In other words, ¢ =1 N p.

LEMMA 1V.2: Let S be a near-idempotent I'-semigroup.
Leta, b € S. Thenaé b ifand only if xyiay2y = xy1by2y for
all'x, y € S.

Proofiletaé b. Thena A b/and a p b. Hence for all x, y €
S. X}/la)/zb}/:gy = Xyiayay , Xyiby-aysy = Xyibyay and
Xy1ay20by3y = Xyabyay ; xyiby.aysy = xyiayay. From the
above equation it is clear that, xyiay2y = xyiby2y for all x,y
in S. Conversely, suppose that xy1ay2y = xy1by2y for all X,y
€ S. Fonall x,y € S. xyiayzbysy = xyibyzbysy = X]/lbz]/zy
= xyilyzy and xyibyaaysy = xyiayeaysy = Xxyid’yzy =
Xy1ay2y So that a p b. Also for all x, y € S. xyiay2bysy =
Xyiaysaysy = Xxyia’yzy = Xyiayzy and Xyibyeaysy =
Xyaby2bysy = xy1b?y2y = xy1by2y. So that, a 2 b.Thus a (1
Np)ieaéhb.

LEMMA 1V.3: Let S be a near-idempotent I'-semigroup.
Leta € S, then every ¢- class is a near null semigroup.

Proof: Define é on S. Leta € S. Let u, v € & . Xy1Uuyay =
Xyiay2y = Xyavyzy for all x , ye S. For all x, y € S.
XyiUyavysy = Xyi Uyz. Vysy = XyidyaVysy = Xyiaya.Vysy
= Xy1ay2. aysy = Xy1 a%y2y = Xyiayzy. Then uyv € &,s0
that &,is subsemigroup of S. Also Xyiuy2y = Xy1vy2y for
all x, y € S. Hence xy1uy2y = xyvy2y forall x,y € &, also.
In other words if X, ¥, Z, W € & . Xy1yy2W = Xy1Zyaw.
Hence &, is a near null semigroup. Also, ifu € & andv €
&a For all x, y in S, Xyiuy2y = Xyiay2y and xyivyzy =
Xy1byay. Xy1uyavysy = Xyiayavysy = Xyiay2bysy . So that
uyV € &ap. Hence &aép C Ean.

LEMMA 1V.4: Let S be a near-idempotent I'-semigroup
anda, b €S. Then & &y C &,

LEMMA IV.5: LetE={¢:/a €S }. Define = on Z such

that £a 5 ép = &cifand only if & &, c &. Then E is a
semigroup under = .
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Proof: By the last lemma &, &, © &ap . Hence &30 &, =&x.
Hence E is a semigroup under = .

LEMMA 1V.5: Let L be a left singular near-idempotent I'-
semigroup a, b in L. Then & = €.

Proof: Let x, y, a, b € L. Then xyiay2bysy = xyiay2y for all
X, Y€ L Hence éap=&:. Thus&as &y =E&p=¢Eaforalla, b
€ L. Hence a left singular near-idempotent I'-semigroup is
a left singular union of near null semigroups.

LEMMA [IV.6: A right singular near-idempotent T-
semigroup is a right singular union of near null semigroups.

LEMMA IV.7: A near-idempotent I'-semigroup S is a left
regular near-idempotent I'-semigroup if and only if A =6
onS.

LEMMA IV.8: A near-idempotent I'-semigroup S is a left
regular near-idempotent I'-semigroup if and only if p = ¢ on
S.

Proof: In a left regular near-idempotent I'-semigroup é =4
Np=346nNnp[bylast lemma] = p since p c §. LetSbhea
near-idempotent I'-semigroup in which p = & xy1
UyaVysuya.UysVye Y = Xyi1  Uy2VygliUyavysy =
Xy1Uy2vysuyavysy = Xy1(Uyavys)?y forall'x,y, u, we S =
Xy 1Uy2vysy.

Xy1 UyaVysUyauystye y = Xyi(UyaVys)’uysy = Xy1 uyz
Vysuyay. Thus uyiv p  Uysvysu. Sinces p = &, ixya
Uy2VvysUyas Y = Xyiuyovuyay for all u, v € S. Hence S'is left
regular near-idempotent I-semigroup.

Lemma IV.9: A is a congruencerelation in a left regular
near-idempotent I'-semigroup S.

Proof; Let 'S be a left regular near-idempotent I'-
semigroup. Let a. A b. Then xyiaysbysy. = xyiayay ;
xyibyzaysy = Xyabyay ; Let ¢ € S. XyiCyaaysCysbysy =
Xy 1CY 23y 3CY 4. by sy'= XYaCy2ay 3Dy sy =XyaCyzaysy.

Xy1Cy2byscyaaysy = Xy1€yabysay sy = Xy1Cy2bysy. Thus we
get that a A b= cyia A cyzb. Therefore A is a left
congruence. We know that A isa right congruence in a near-
idempotent I'-semigroup. Thus A is a congruence relation
onS.

Lemma IV.10: In a near-idempotent I'-semigroup S, § = &
implies that S is a near-commutative near idempotent I'-
semigroup.

Proof: Let a, b € S. In any near— idempotent I'-semigroup
ayib A by.a. But § = & Hence ayib & byza. Thus
Xy1ay2bysy = xyibyaaysy for all x, y in S. Hence S is near-
commutative.
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Theorem 1V.11: A near-idempotent I'-semigroup S is a
near-commutative if and only if § =& on S.

Theorem 1V.12: A near-idempotent I'-semigroup S is near-
commutative if and only if it is both a left regular and a right
regular near-idempotent I'-semigroup.

Proof: Suppose that near-idempotent I'-semigroup S is a
near-commutative near-idempotent TI'-semigroup. Then
Xy1YY2ZyswW = Xyizy2yysw forall X, y, z, win S.

XY1YY2ZY3yyaW = X¥anYy2Zys. YYa W= Xy1 Y?y2 Zysw =
Xy1Yy2zysw . Therefare S isia left regular near —idempotent
I‘-semigroup. XYYy 2Zy3YYaW = Xy1YY2.Zy3yys W =
XY 12y 22 Y3W = Xy 12¥Y V3W

Therefore S is a right regular near-idempotent T'-semigroup.
Therefore S is both a left regular and a right regular near-
idempotent I'-semigroup.

Conversely, Let S be both a left regular and a right regular
near-idempotent T-semigroup. Xyiyy2zZys  Yyaw =
XywWyazysw by near left/regularity Xyiyyozysyyaw =
Xy 1Zy2yy3W by nearrightregularity. Therefore xy1yy2zysw
= Xy1Zy2yyswW. Sothat'S is near-commutative.

Conclusion: In this paper, the class &, is proved as a
rectangular_near-idempotent I'-semigroup and the class 4,
is proved as a left singular near-idempotent I'-semigroup
and for any a, b in a rectangular near-idempotent I'-
semigroup, AaAp is contained in Ay,. Also, R is a right
singular band of left singular near-idempotent I'-semigroup.
Also a relation & is defined and is proved that §¢ = A N p
along with the property that .6, © &4 forany a, b in S.
Also, if S is left-singular then &:&p=¢&,.
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