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. INTRODUCTION
In 1960, Levine . N [7] introduced strong continuity in
topological spaces. Abd EI-Monsef et al. [1] introduced the
notion of B-open sets and B-continuity in topological spaces.
Semi-open sets, preopen sets, a-sets, and S-open sets play an
important role in the researches of generalizations of
continuity in topological spaces. By using these sets many
authors introduced and studied various types of
generalizations of continuity. In 1982, Mashhour et. al. [10]
introduced preopen sets and pre-continuity in
topology. Levine [5] introduced the class of generalized
closed (g-closed) sets in topological spaces. In this paper we
introduce and investigate a new class of functions called p* -
open and B* - closed maps and their relations with various
maps.

Il. PRELIMINARIES

Throughout this paper (X, 1), (Y,c)and (Z, n)or X,Y ,Z
represent non-empty topological spaces

on which no separation axioms are assumed unless otherwise
mentioned. For a subset A of a space (X, 1), cl(A) and int(A)
denote the closure and the interior of A respectively. The
power set of X is denoted by P(X).

Definition 2.1: A subset A of a topological space (X, t) is
called S *- closed Set if Int*(Cl(Int*(A))) € A.
Definition 2.2: A subset A of a topological space (X, t) is

called S *- open Setif X\ A is [ *- closed Set.
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Definition 2.3: A function f: (X, 1) — (Y, c ) is called a [
*- continuous if f~1(0) isa £ * - open set of (X, 1) for every
open set O of (Y, 5 ).

Definition 2.4: A function f; (X, 1) — (Y, o) is called a g -
continuous if f~1(0) is a g -open set of (X, 1) for every open
set O'of (Y, o).

Definition 2.5: A function f: (X, 1) — (Y, o) is called a
perfectly continuous if £~*(0) is both open and closed in (X,
1) for every open set O in (Y, ).

Definition 2.6: A map f: (X, t) — (Y, o) is called a g-closed
if f(O).is g-closed in (Y, o ) for every closed set O in (X, 7).
Definition 2.7: A Topological space X is said to be f * - Ty
space if every S * - open set of X is open in X.

Theorem 2.8:

(i) Every open set is [ *- open and every closed set is 3 *-
closed set

(ii) Every [ -opensetis S *- open and every S -closed set
is S *- closed.

(iii) Every g-open setis £ *-open and every g-closed set

is f *-closed.

I1l. B *-Open mapsand S * - Closed maps
Definition 5.1: A map f: (X, 1) — (Y, 6 ) is called a [ *-
open if image of each open set in X is S * - open
iny.
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Definition 5.2: A map f: (X, 1) — (Y, 6 ) is called a [ *-
closed if image of each closed set in X is p*-
closed in'Y

Theorem 5.3: Every closed map is /3 *- closed map.

Proof: The proof follows from the definitions and fact that
every closed set is /3 * - closed.

Remark 5.4: The converse of the above theorem need not be
true.

Example 5.5: Let X =Y= {a, b, ¢}, 1= {¢,{a}.{a, b}.{a c},
X}, ¢ = { ¢,{b}{c}{b, c}, X} and 6 = {¢, {a, b}, Y}, o°
={¢{c}, Y}, B*C(Y, o) ={ ¢, {at.{ b}{c}{a c}{b, c},
Y } Let f: (X, 1) —(Y, o) be defined by f(a) = a, f(b) = c,
f(c) = b. clearly, fis f * - closed but not closed as the image
of closed set f(c) ={b} ,f(b, c) ={b, c} in X is not closed in
Y.

Theorem 5.6: Every g-closed map is /3 * - closed.

Proof: Let O be a closed set in X. Since f is g-closed map,
f(O) is g-closed in Y. By [8] f(O)is B * -closed in Y.
Therefore, fis f * - closed map.

Remark 5.7: The converse of the above theorem need not be
true.

Example 5.8: Let X = Y= {a, b, ¢}, 1= {¢,{a}.{a, b}.{a, c},
X}, ¢ = { ¢{b}.{c}{b, c}, X} and o = {¢, {a},Y}, o°
={o4b. c} Y}, f*C(Y, o) = {¢ {a}{ b}{c}{a b} {a
chib. ¢}, Y1 gC(Y,o)={¢ {b}{c}{a b} {a c}{b
c} Y } Let f: (X, 1) —(Y, 6 ) be defined by f(a) = b, f(b) =
a, f(c) = c. clearly, fis £ * - closed but not g - closed as the
image of closed set {b} in X is {a} which is not g - closed set
iny.

Theorem 5.9: Every £ - closed map is /8 * - closed.
Proof: The proof follows from the definition.
Remark 5.10: The converse of the above theorem need not
be true.

Example 5.11: Let X = Y= {a, b, c,d }, 7= {$,{a, b}.{a, b,
c} X} ¢ ={¢{d}.{c, d}, X}and 5 = {¢{a}{a b, c},Y},
B*C(Y, o) = {9, {a}{b}{c}.{d}{a b}{a c}.{a d}{b,
ch{b, d}.{c, d}, {a, b, c}.{a, b, d}{a, c, d}{b,
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¢, d}.Y}, B C(Y, o) ={ofa} b} {ch{d}4a c}{a dhdb,
ch{b, d}{c, d}.{a c, d}.{b, c, d},Y} . Let f: (X, v) —(Y,
c ) be defined by f(a) =d , f(b) = ¢, f(c) = b, f(d)=a.
Clearly, fis f * - closed but not S - closed as the image of
closed set {c, d} in X is {a, b} which is notin £ -closed set
iny.
Remark 5.12: The composition of two /S * - closed maps
need not be /3 * -closed in general as shown in the following

example.
Example 5.13: Consider X =Y =Z={a, b, c}, t = {¢, {a},

X}, ¢ ={¢, {b, c}, X} and o= {0,{a,
b}, Y}, o¢ ={ ¢{c}, Y}, n = {o{a}{a b}{a c}Z}, B

*C(Z, ) ={¢{b}.{c}.{b, c}}, B*C(Y, o)
={¢,{a}.{b}.{c}.{a c}, {b, c}, Y}. Let f: (X, 1) —(Y, 0 ) be
defined by f(a) =b, f(b) = a, f(c) = c . Clearly, fis S *- closed.
Consider the map g: (Y, 6) —(Z, n7) defined g(a) = a, g(b) =
b, g(c) =c,clearlygis S * - closed. But g of: (X,
1) —(Z, n7)isnota S * - closed, g
of ({b, c})=g (f{b, c}) =g ({a, c}) = {a, c} whichisnota /3
*-closed in Z.

Theorem 5.14: A map f: (X, 1) — (Y, o5 )is B * - closed if
and only if £ *cl (f(A)) < f(cl(A)) for each set A in X.
Proof: Suppose that fisa /2 *- closed map. Since for each set
A'in X, cl(A) is closed set in X, then f(cl(A)) isa S *- closed
set in Y. Since, f(A) < f(cl(A)), then B * cl ( f(A)) <
f(cl(A)) Conversely, suppose A is a closed set in X. Since [
* ¢l ( f(A)) is the smallest S *- closed set containing f(A),
then f(A) < S *cl (f(A)) < f(cl(A)) = f(A). Thus, f(A) =
S * cl ( f(A)). Hence, f (A) is a [ *- closed set in Y.
Therefore, fisa £ * - closed map.

Theorem 5.15: If f: (X, 1) — (Y, ¢ ) is closed map and g: (Y,
c)— (Z, n)is f* closed, then the composition g of : X

— Zis f* - closed map.
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Proof: Let O be any closed set in X. Since f is closed map.
f(O) is closed setin Y. Since, g is f *- closed map, g(f(O)) is
S *- closed in Z which implies g °f ({O}) = g(f{0}) is f *-
closed and hence , g °f is L *- closed.

Remark 5.16: If f: (X, 1) — (Y, o ) is  * - closed map and
g: (Y, o) — (Z, i) is closed, then the composition g of : X
— Z is not [ *- closed map as shown in the following
example.

Example 5.17: Consider X =Y =Z = {a, b, ¢}, 1 = {¢,{a},
X} 1€ = {9, {b, ¢}, X} and o = {¢.{a, b}.Y}, 7 ={¢.{a}{a,
b}{a ¢}, Z}, 1 ={¢, {b}{c}{b, ¢}, Z}. B *C(Y,0)= {9,
{a}, {b}. {c} {a c} .{b, c}

Y} B*C(Z 1) ={¢.{b}, {c},ib, c}, Z}. Let f: (X, 7)
—(Y, o) be defined by f(a) =b , f(b) = a, f(c) =c .
Clearly, fis £ * - closed. Consider the map g: (Y, 6) — (Z,
n ) defined g(a) = a, g(b) = b, g(c) = ¢ ,clearly g is closed.
Butgof:(X,1) — (Z, i7) isnota [ *-closed, g °f ({b, c})
=g (f{b, c}) =g ({a, c}) = {a, c}which isnota f * - closed
in Z.

Theorem 5.18: Let (X, 1), (Z, 1 ) be topological spaces and
(Y, o) be topological spaces where every

[ * - closed subset is closed. Then the composition g of : (X,
1) — (Z; i ) of the S * -closed , f: (X, 1) — (Y,
o)and g: (Y,6) — (Z, 1 )is [ *-closed.

Proof: Let O be a closed set in X . Since, fis £ * - closed,
f(O) is S *- closed in Y. By hypothesis, f(O) is closed .Since
gis £ *-closed, g(f{O}) is f * - closed in Z and g(f{O}) =
g °f (O). Therefore, g °fis S - closed.

Theorem 5.19: If f: (X, 1) — (Y, 6 ) is g - closed map and g:
(Y,0)—(Z, n)is B *-closed and (Y,0)is T 12
spaces . Then the composition g °f : (X, 1) — (Z, 7 )is S *
- closed map.

Proof: Let O be a closed set in (X, 1). Since fis g — closed ,

f(O) is g — closed in (Y, 6 ) and g is S * - closed
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which implies g(f(0)) is S * - closed in Z and g(f(0)) = g °f
(O). Therefore, g °f is S * - closed.

Theorem 5.20: Let f: (X, 1) — (Y, 0 ) and g: (Y,0) — (Z,
1 ) be two mappings such that their composition g of : (X, 1)
— (Z, n ) be B * - closed mapping. Then the following
statements are true.

1. If f is continuous and surjective, then g is £ * - closed.
2.1fgis B * -irresolute and injective, then fis S * - closed.
3. Iffis g - continuous , surjective and (X, t) isa T 1/2 spaces,
then g is £ * - closed.

4. 1f gis strongly S * - continuous and injective, then fis

*=closed.

Proof: 1. Let O be a closed set in (Y, ¢ ) . Since , f is
continuous, f-1(0) is closed in (X, 1) . Since, g °fis

[ * -/closed which implies g of (f~ (0) ) is # * - closed in
(Z, 7 ). Thatisg(Q) is S * - closed in (2, ), since
f is surjective. Therefore, gis f * - closed.

2. Let O be a closed set in (X, 7). Since g ofis f * - closed, g
of (O)is f#*-closed in (Z, i ), Since gis [ * - irresolute,
g~ (g°f(0))is f*-closedin (Y, o). Thatis f(O)is S * -
closed in (Y, c ). Since f is

injective. Therefore, fis f * - closed.

3. Let O be a closed set of (Y, o). Since, f is g- continuous ,
f71 (0) is g — closed in (X, 1) and (X, 1) is a
Tu2 spaces, f~* (O) is closed in (X, 1) . Since , g ofis [ * -
closed which implies , g of (f =1 (O)) is L * - closed
in(Z, n ). Thatis g(O) is B *-closed in (Z, 17 ), since fis
surjective. Therefore, g is [ * - closed.
4. Let O be a closed set of (X, 1).Since, g ° fis £ * - closed
@ n).

Since, g is strongly S *- continuous, g~ (g °f (0)) is closed

which implies , g °f (0) is S * - closed in

in (Y, 0 ).That is f(O) is closed in (Y, ¢ ). Since g is injective,
fis f * - closed.
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Theorem 5.21: A map f: (X, 1) — (Y, o )is S *-open if and
only if f (int(A)) < £ *int (f(A)) for each set A in X.
Proof: Suppose that fisa /£ * - open map. Since int (A)
A, then f(int (A)) < f(A). By hypothesis, f(int (A)) isa S *-
openand £ *int (f(A)) is the largest S *- open set contained
in f(A).Hence f(int(A)) < S * int (f(A)).Conversely,
suppose A is an open set in X. Then f(int(A)) < £ * int
( f(A)) . Since int (A) = A, then f(A) < S * int (f(A)).
Therefore, f(A) isa f* - open setin (Y, ¢ ) and fis [ *-
open map.

Theorem 5.22: Let (X, 1), (Y, 6 ) and (Z , 17 ) be three
topologies spaces f: (X, 1) — (Y, ¢ ) and g: (Y,
6) — (Z, n) be two maps. Then

1. If (g » ) is S *- open and f is continuous, then.g is £ *-
open.

2. If (g ° f) is open and g is S * -continuous; then fis [ *-
open map.

Proof:

1. Let A be an open set in Y .Then, £~ (A) is an/open set in
(gD
(A) = g(f((f~* (A)) = g(A) is S *- open set in Z. Therefore,

X. Since (g ° f) is [ *-0pen map, then

gisa [ *- open map.

2. Let A'be an open set in X. Then, g(f(A)) is an open set in
Z. Therefore, g7t (g(f(A))) = f(A) is a S * - open set
inY . Hence, fisa f *- open map.

Theorem 5.23: Let f: (X, t) — (Y, 6 ) be a bijective map.
Then the following are equivalent:

(1) fisa S * - open map.

(2 fisa S * - closed map.

(3) f~*isa S *- continuous map.

Proof:

(1) = (2) Suppose O is a closed set in X. Then X\O is an
open set in X and by (1) f(X\O) isa S *- open

in Y. Since, f is bijective, then f(X\O) = Y\ f(O). Hence, f(O)

isa S *-closed in Y. Therefore, fisa /5 *- closed
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map.
(2) = (3) Letfisa S *- closed map and O be closed set in
X. Since, fis bijective then (f 1) (O) = f(O)

which is a S *- closed set in Y. Therefore, f is a [ *-
continuous map.

(3) = (1) Let O be an open set in X. Since, f~tisa £ *-
continuous map then (f 1)1 (0) =f(O) isa [ *-open set
in'Y. Hence, f is 4 *- open map.

Theorem 5.24: A map f: (X, 1) — (Y, o) is S *-open ifand
only if for any subset O of (Y, 6) and any closed set of (X, 1)
containing £~ (O), there existsa [ *- closed set A of (Y, c)
containing O such that /1A cF

Proof: Suppose fis £ *- open. Let O — Y and F be a closed
set of (X, 1) such that =1 (O) < F. Now X- F is an open set
in (X, 7). Since fis £ *- open map, f (X — F) is £ *- open
setin (Y, o ). Then, A=Y -f(X-F)isaf *-closed
setin (Y, o ). Note that f~1 (O) < F implies O < A and
LA =X—f"1(X-F) c X-(X-F)=F.Thatis, f!
(A) < F. Conversely, let B be an open set of (X, 1) . Then,
£t ((f(B))®) < B and B® is a closed set in (X, 1). By
hypothesis, there exists a [ *- closed set A of (Y,
o ) such that (f(B))* = Aand f~* (A)  BtandsoB < (f!
(A))°. Hence, A° — f(B) < f((f~* (A)))¢ which implies f(B)
= A°. Since, Acisa £ *-open. f (B)is S *-openin (Y, o)
and therefore f is /8 *-open map.
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