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Abstract: In this paper we are going to prove common fixed point theorem for weak compatible map. We
extend the result of (sitthikul and Saejung fixed point Theory and Application 2012:189).the main results
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. INTRODUCTION

Throughout the article denoted by C is the set of all
complex numbers N for set of all natural numbers and
R for set of all real numbers.(X,d)(x for short),is a
metric space with a metric d.

It is well known that in the literature, there are so many
extensions of Banach contraction principle[1],which
states that every self-mapping t defined on a complete
metric space (x,d) satisfying ,For all x,yeX
d(Tx, Ty)<kd(x,y),where k€[0,1) has unique fixed point
for every xoeX a sequence {T"X}..N is convergent to
the fixed point. But the complex valued metric space is
a generalization of the classical metric space,
introduced by Azam,Fisher and Khan (see [2])

1. PRELIMINARIES

Let us recall a natural relation on C,for z;,z,€ C, define
a partial order < on C as follows;
2,37, iff Re(z1) <Re(z2), Im(z1) <Im(z,)
it follows that
72,32,
if one of the following conditions is satisfied:

i Re(z1)=Re(z2), Im(z;)<Im(z,)

ii. Re(z1)<Re(z2), Im(zy)=Im(zy)

iii. Re(z1)<Re(z2), Im(zy)<Im(zy)

iv. Re(z1)=Re(z2), Im(zy)=Im(zy)
In particular, we will write 2,57, if z;#z, and one the
above conditions is not satisfied and we will write
2,<2, if only iii is satisfied. Note that

0= 2132,2074|<|29|, 21325 | 21<Zy=> 7,<Z3

Definition 1llet X be a nonempty set. A mapping
d:XxX— C is called a complex valued metric on X if
the following conditions are satisfied:
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(CM1) 0 = d(x,y) for all x,ye X and d(x,y)=0=x=y.
(CM2) d(x,y)=d(y,x) for all x,ye X

(CM3) d(x,y) =d(x,z)+d(z,y) for all x,y,z€ X.

In this case, we say that (X,d) is a complex valued
metric space.

It is obvious that this concept is generalization of the
classic metric. In fact, if d:XxX— R satisfies( (CM1)-
(CM3)), then this d is a metric in the classical sense,
that is, the following conditions are satisfies:

(M1) 0 < d(x,y) for all x,ye X and d(x,y)=0=x=y.
(M2) d(x,y)=d(y,x) for all x,ye X

(M3) d(x,y) <d(x,z)+d(z,y) for all x,y,z€ X.

There are so many more different and interesting type
of metric spaces and classical theories of metric space
for example see[3,4].

Definition 2 Let C be a complex valued metric space,

e We say that a sequence {x,} is said to be a
Cauchy sequence be a sequence in x eXIf for
every ce C, with 0<c there is ng€ Nsuch that for
all n>ngsuch thatd(x,,x)<c.

e We say that a sequence {X,} converges to an
element xe X. If for every ce C, with 0<c there
exist an integer no€ Nsuch that for all n>ngsuch
that d(xp,x)<c and we write xn;»x.

e We say that (x,d) is complete if every Cauchy
sequence in X converges to a point in X.

The following fact is summarized from Azam,fisher
and Khan”s paper[2]. In fact,(b and ¢ of preposition 1.3
are their lemmas 2 and 3.
Preposition 3
Let (X,d) be a complex value metric space. Suppose
that d=d;+id, where d;,d,: XxX— R,
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That is,d;=Re(d) and d,=Im(d).then the following
assertions hold.
a. d=(d? + d?)YEXxX— R, is a (classical)
metric on X.
b. If {x,} is a sequence in
eX.Thenxnzx. iff xnmx.

c. (X,d) is complete if and only if (X,d|) is
complete.

The following common fixed point theorem was also
proved by Azam,Fisher and Khan. This can be viewed
as a generalization of the well-known Banach fixed
Point theorem.
Theorem 4
([2]) Let (X,d) be a complete complex valued metric
space, and\,u be non-negative real numbers such that
Atu<l. Suppose that S,T: X— X are mappings
satisfying

d(Sx, Ty)SAd(x,y) + ”d(ljd—()dz)”) for all x,yeX

then S and T have a unique common fixed point.

As rouzkard and imdad [5] extended and improved the
common fixed point theorems which are more general
than thaAzam et al.[2]In this paper, we continue the
study of comma fixed point theorems and obtain the
generalized result proved by sintunavarat and
kumam[6] and sitthikul and saejung FTP and
applications 2012[7]

1. MAIN RESULT

Lemma 5.let (X,d) be a complex valued metric space
and f,S,T: X —X have a unique point of coincidence v
in X.if (S,f) and (T,f) are weakly compatible, thens,T,f
have a unique common fixed point.
Theorem 6.Let (x,d) be a complex value of matrix
space & f, S, T : X—X suppose there exists mappings
01, 0o+ X — [0, 1) such thatv x, y eX

. 0u(sx) < g1 (fx) and gy(Tx) < ga(fx)

i 9u(fx) +g2(fx) + gs(fx) + ga(fx) <1
iii.  d(Sx,Ty)< 0 (Fx)d(fx,fy) +

L83 x)d(fx Sx)d(fy ,Ty)
92(Sx)d(Sx,Sy)+ (1 +d(E )

X and x

g4(sx)d(sx, Tx)d(sy, Ty)
1 + d(sx,sy)
If S(X)U T(x)€ f(x) and f(x) is complete, then Sand T
have a unique fixed point of coincidence. Moreover, if
(S,f) and (T,f) are weakly compatible, then f,S,T have a
unique fixed point in X.
Proof:
Let xo€ X. Choose x;€X such that Sx, = fx; and Sx; =
TXo
& X, = Tx; and Sx, = TX;
Continuing this way we can construct a seq” {fx,}in
f(x) such that,
X,= SXn.1 if nis odd
=TXy1if nis even
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&Sx,= fX,.1 if nis odd

TX,.1 if nis even
If nis odd, Then by Hypothesis,
d(an ) an+1) =d (an—l ) Txn)
d(SXn ) SXn+ 1) =d (fxn—l ) TXn)
since,
SXp = Xy and Sx; = TXq
& X, = Tx, and Sx, = Txy

Since,
diSx,Ty)< g1 (fXd(fx,fy) + 92(Sx)d(Sx,Sy)
L 83(fx)d(fx sx)d(fy,Ty) | g4(Sx)d(Sx,Tx)d(Sy,Ty)
C A +d( ) 1+d(x Sy)
d(SXn1, TXn) < g )d(fXn1, X))+ 92(SXn1)d(SXn1,
SX,)+
83 (fxn—1)d(fxn—1,5xn-1)d(fxn, Txn) |

1+ d(fxp—1.fxpn)
g4(Sxn—1)d(Sxy—1,Txy—1)d(SXp,TXp)

1+ d(Sxp—1,S%xp)
< g( FXn-1)d(FXn-1, FXn) + 92(SXn-1)d(SXn-1, SXs)

4 83((xn—1)d (fxn —1,fxn —1)d (fxn fxn)

1+ d(fxp—1.fxp)

4 84((5%n—1)d(Sxn—1,5%n—1)d (Sxn,Sxn+1)
1+ d(Sxp—1,5%n)

~d (an, an+1) < gl(fxn—l) |d(an_1, fxn)|+g3(fxn—l)|d(fxn|

_d(fxn—1,fxn)
Xne1)| |1+d(fxn_1'an) |

+gZ(SXn-1)|d(SXn-lx SXn)l ( )

d(Sxn—1,Sxn
* g4(SXn_1)|d(SXn' an+1)| 14+d(Sxn—1,Sxn) l
< gl(an-1)|den-1, anl + ga(an-1)|d(me an+1)|
+ gZ(SXn—l)Id(SXn-l, an) + g4(SXn-l)|d(SXnn SXn+1)|
= gl(TXn—2)|d(an-l, an)l + g3(TXn-2)|d(an| an+1)|
+ gZ(TXn—2)|d(me an+l)|
+ g4(TXn-2)|d(an-1a an)l
= (01 + 9a) (TXn)Id(PXpe1, TX0)| + (92 + 93) (TXn2)ld(FXn,
an+1)|
< (91 *+09a) (Fa2)ld(fXn1, X0)| + (92 + 93)(TXn2)™ [d(Fx,,
an+l)
= (01 + 94) (SXna)ld(PXn-1, TXn)| +(02 + 93) (SXn3) * [d(FX,
[} an+1)|
< (@ + 0a) (Kaa)ld(fXn, o) + (92 +93)(FXn3)d (X,
Xne1)|
= (01 + 98)(TXna)ld(fXo1, X)) + (92 + 03) (TXpa) *
|d(Xn, TXns+1)]
< (91 + 9a) (FRn-2)|d(PXn1, TXR)[ + (92 + 93) (PXna) * [d (X,
1)l
= (91 + 94) (SXns)ld(PXn-1, TXn)[ + (92 + 3) (FXna) * [d(FXy,
1)l

< (g1 + 94) (FXo)ld(fXn1, Fxn)l + (92 + gs)(fxo) * [d(Fxs,
n+1)|
Which implies that,
81 +84)(F)d (fxn —1,fxn)
A0, Bl < 0
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If niseven,

d(fX,, TXn+1) = d(TXq.1, SXn) = d(SXp, TXn1)

d(SXn, SXn+1) = d(TXn-1, ) =d(FXn, TXn1)

d(an, an+1) = d(xn-L SXn) = d(SXn: TXn-l)

<G1(FXn)d(fXn, TXn1) + 92(SX)d(SXn, SXn1)

+ ga(fxn)d(Fxn, SXa)d(fXn-1, TXn1) 7 1+d (X, TX01)

+ g4(SXn)d(SXn, TXn)d(SXn-1, TX1) / + d(SXn, SXp-1)
Therefore,

| d(fXn, PXn+1)| < g2(FXa)[d(FXn, Xn1)| + G2(SXn)IA(SXn, SXn-

1)l

+ gS(an)d(an: an+1)|d(an_1, TXn—l) / 1+d(an, an—l)l

+ 04(SXn)|d(SXn, SXn+1)|d(SXn, SXp-1) / 1+d(SXn-1, SXp)|
< 21(fXn)|d(FXn1. IX0)| + 9a(FXn)|d(FXn, FXna)l
+0o(SXn)[d(SXn, SXN_1)| + 94(SXn)|d(SXn, SXn+1)|

= gl(TXn)ld(an-l,an)l + gS(TXn)ld(an: an+1)|
+02(TXn)[d(FXn, TXN.1)[ + Ga(TXn) A (FXn, Xni1)]

:(gl+ 94)(TXn)|d(an_1van)| + (gz"'gB)(TXn)ld(an: an+1)|
<(21+ 9a)(FXn-)1d(FXn-1, %) | + (92793 (FXi-0) A (X0, FXna)]
=(01+ 9a)(SXn) A (X1, FX0)| + (92+03)(SXn-2) A (FXn, FXns1)]
<(21+ 9a)(FXn-2)1d(FXn.1, FX0) | + (92793 (FX2)[d (X, FXna0)
=(91+ 9a)(TXn-3)|d (FX-1, FX0)| + (92 03)(TX0-3) A (FXn, FXnsa)|
<(g1+ 9ay(Xn-3)[d(FXn.1 X0)| + (92+G3)(FXn-3)|d(FXns PXnsa)|
<(g1+ 9)(SXn-a)|d (X1, TX0)| + (92+G3)(FXn-a)|d(FXn, FXn11)]

<(g1+ 9y (PXn0) [ (FXn-1,FX0) | + (927 G3)(FXn0) [ (X, FXi11)]
Which implies that

(1) ld(fXn, fXpen)| <

_(g1 +84 )(fx)d(fxn_1,fxn)
Let 0= s ren®)
By repeating application of (1)
[d(fXn, TXni1)] < 0l d(fxn—l,fxn)l

< o2|d(FXng, TXnea)|
<a’ld(fn.3 a2l
< a|d(fXna, o g)|
< a’ld(fX-s, Xoa)]

(g1 +84 )(fx)d (fxn—_1,fxn)
1+(g2 +83)(fx)

< (an d(onY fX1)|
For all n,meIN, m>n,
d(an,me) S |d(an, an+l)|+ |d(an+1, an+2)| + Id(an+2,

Xpea) [T, + d(fX .1, TXm)|

hence,

<(a" o™+ a™ +a™) | d(fxo, X))
Since

a€[0,1), lim,_,,, we have| d(fx0, fx1)| approaches to
zero.
which imply that fx,is a Cauchy sequence, by
completeness of fx, there exist u,veX such that fx,—v
=fu
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d(fu, Tu) <d(fu,fxzns1)+d(fXan41,TU)
= d(fu,f™Xon+1) +d(SXon, TU)
< d(fu,fXon+1)+01 (FXon41)d(FX2n, fU)+ g2 (SX2n)d(SX2n,SU)+
g3 (fxzn)d (fxzn,Sx2n)d (fu,Tu) +84(5%2n)d (Sxzn Txzn)d(Su Tu)
1+d (fxzn.fu) 1+ d(Sx2n ,Su)
Which implies that
[d(fu,Tu)ls|  d(fufxana)l+gr  (Fxen)ld(PXan, fU)+  Go

(SX2n)[d(SXan, S+ g3(fxzn)lf1(f;2(r}fxz?u) )I:d(fu,Tu)I
2n»
JI_g4(5><2n)ld(SX2n JTx2n)[|d(su ,Tu)|
|1+ d(fxop fu)|
< d(fu, Xzne1) [+ 01
(SX2n)|d(Sx2n,SU) |+

+g4(5X2n)|d(SX2n ,Tx2n)|ld(Su ,Tu)|
1

(FXan)[d(FXzn, ful)+ 92
g3 (fxan)1d (fxan,Sx2n)ld (fu,Tu) |
1

Since
1< 1+d(fxz,,fu)

1< 1+d(SXon,SU)

<ld(fu, fxone1)[+91 (Fxo)[d(FXan, fU)l+ g2 (SX0)ld(SX2n,SU)[+

Ja(PX)ld(fXan, Sxona)ld(fu, TU)+  Ga(SX0)|d(SXzn :

SX2n+1)”d(su ,TU)|

If n—o0 ,|d(fu,Tu)|—0,hence d(fu,Tu)—0

Implies,fu=tu=v,similarlyfu=su=v

Su=Tu

Thus,fu=Su=Tu=v and v become a common fixed

point of coincidence of f,.Sand T.

Uniqueness, Let there exist w(#v)eX

fx=Sx=Tx=w sor some xeX. Thus,

d(v,w)=d(Su,Tx)

<g; (fu)d(fu,fx)+g,(Su)d(Su,Sx)+

g3(fu)d(fu,Su)d(fx,Tx)+g4(fu)d(fu,Tu)d(fx,Sx)

1+d(fu,fx) 14+d(Su,Sx)

(V)W) G (V)d(v,w) B

g4 @)@V ww) '
14+d(w,w)

=g1(V)d(v,w)

Implies

|d(V,W)|§g1(V)d(V,W)

Since, g:€[0,1)

|d(v,w)—0

So, v=w.if (S,f) and (T,f) are weakly compatible, then

by lemma (3.1),f,S,T have a unique common fixed

point in X

Corollary 7.

Let (x,d) be a complex valued of matrix space & f, T :

X —X satisfyingV x, y €X

pd(fx Tx)d(fy ,Ty) | yd(Tx ,Ty)d(fy ,fy)
d(TX’TY)<)\'d(fX’fY) 1 +d(fx fy) 1+d(Tx,Ty)

for all x,y€ X, where p,A are non-negative real numbers
with p+i<1. If T(x)< f(x) and f(x) is complete, then f
andT have a unique pint of coincidence. Moreover, if f
and T are weakly compatible, then f and T have
common fixed point in X.

such that

+

proof. We can prove this result by
settingS=T,g1(x)=A,g>(Xx)=u in theorem 6.
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