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Abstract: Study of Multivalued contraction mapping was initiated by Nadler[1] and Markin[2]. There are so
many research papers in which multiple common fixed point theorem results are proved by authors[3-
10]. This paper deals with some common fixed point theorems which are established for- multi valued mapping
in complex valued metric space as Azam et al.(numer.Funct.anal.Optim.33(5):590-600,2012) introduced the
notion of complex valued metric space and proved some common fixed point theorems in the context of

complex valued metric space.
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l. PRELIMINARIES

Let us recall a natural relation on C,for z;,z,€ C, define
a partial order < on C as follows;

2,37, iff Re(z1) <Re(z2), Im(z,) <Im(z,)
it follows that
2,32,
if one of the following conditions is satisfied:
i Re(z1)=Re(z2), Im(z;)<Im(z,)
ii. Re(z1)<Re(z2), Im(z;)=Im(z,)
iii. Re(z1)<Re(z2), Im(zy)<Im(zy)
Y2 Re(z1)=Re(z2), Im(zy)=Im(zy)
In particular, we will write 2,57, if z,#z, and
one the above conditions is not satisfied and we

will write z;<z, if only iii is satisfied. Note that
0= 213Z;2(2|<z4),

2132, | 1<7p;> 23<1Z3

Definition 1 let X be a nonempty set. A mapping
d:XxX— C is called a complex valued metric on X if the
following conditions are satisfied:

(CM1) 0 = d(x,y) for all x,y€ X and d(x,y)=0=x=y.
(CM2) d(x,y)=d(y,x) for all x,ye X
(CM3) d(x,y) =d(x,z)+d(z,y) for all x,y,z€ X.

In this case,we say that (X,d) is a complex valued metric
space.
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It is obvious that this concept is generalization of the
classic metric. In fact, if d:XxX— R satisfies( (CM1)-
(CM3)), then this d is-a metric in the classical sense, that
is, the following conditions are satisfies:

(M1) 0 < d(x,y) for all x,ye X and d(x,y)=0=x=y.
(M2) d(x,y)=d(y,x) for all x,ye X
(M3) d(x;y) <d(x,z)+d(z,y) for all x,y,z€ X.

There are so many more different and interesting type of
metric spaces and classical theories of metric space for
example see[3,4].

Definition 2 Let C be a complex valued metric space,

e We say that a sequence {x,} is said to be a
Cauchy sequence be a sequence in x €X If for
every € € C, with 0<e there is ng€ Nsuch that
for all n>nq such thatd(X,,Xm)<&.

o \We say that a sequence {X,} converges to an
element xIf for every xe C, with 0<ethere exist
an integer no€ Nsuch that for all n>nq such that
d(x,,X)<e and we write X, 7x.

o We say that (x,d) is complete if every Cauchy
sequence in X converges to a point in X.
The following fact is summarized from Azam,fisher and
Khan”s paper[2]. In fact,(b and ¢ of preposition 1.3 are
their lemmas 2 and 3.

1. MAIN RESULT

Let (X,d) be a complex valued metric space.
Let family of nonempty,closed and bounded subsets of a
complex valued metric space is denoted by CB(X).
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From now on,we denote s(z;)={z,€ C: ;< z,} for z1€
C, and s(a,B)=Upep s(d(a, b)) = Upep{z € C: d(a,b) 3
z}fora € Xand B € CB(X).

For A,Be CB(X),we denote

s(a,0)=(Ugea s(a, B) N (Upep s(b, A).

Theorem : let (X,d) be a complete complex valued
metric space and let S,T:X—CB(X) e multivalued
mapping with greatest lower bound property such that

(D Ad(x,y) + Bd(x, Ty) + Cd(y, Sx) +

Dd (x,Ty)d(y,Sx)+Ed (x,Sx)dx,Ty)+Fd (y,Sx)d(y,Ty) ES(SX,Ty)
1+d(xy) 1+d(xy) 1+d(x,y)

vx,y € X

also,

) A+B+C+2D+ 2E + 2F < 1.

Ad(xg, x1) + Bd(xy, Tx;) + Cd(xy, Sxp) +
Dd (xO,Txl)d(xl,le)_LEd (Xo,SXo)dxo,Txl)J_
1+d(x0,x1) U 1+d(rox1)

Fd(y, Sx)d(y, Ty)

1+ d(xg,x1) € s(xTx) = U s(d(xy,x))

x€Txq
So there exist some X,€ Tx;
such that

Ad(xg, x1) + Bd(xg, Tx3) + Cd(xy, Sxp) +
Dd (xO,Txl)d(xl,le)_LEd (xO,Sxo)dxo,Txl)J_
1+d(x0,x1) U 1+d(rox1)

Fd(y, Sx)d(y, Ty)
1+ d(xO, xl)

€ s(xq,%;)

That is,

d(xl, XZ)< Ad(X(), xl) + Bd(xo, Txl) + Cd(xl, SXO) +
Dd (xg,Tx1)d(x1,5%1) | Ed Gro,S%0)d(xo. Tx1)
14+d(xg,x1) 1+d(xg,x1)

Then S and T have a comman fixed point also A, B, C, D, EFFar&abitnekeative with the (1)property.

Proof:let xo€ X and x;€SX,, from(1)

Ad(XO,xl) + Bd(xO,Txl) + Cd(xl, SXO) F

Dd (g, Tx1)d (x1,5x1) | Ed (x0,Sx0)d (x0,Tx1) , Fd (x1,Sx)d(x1,Tx1)
1+d(xox1)  1+d(ox1)  1+d(xoxr)

S(SXo, TXy) Vx,y € X

This implies that,

Ad(xg, x;) + Bd(xg, Txy) + Cd(xq, Sx) +
Dd (xo,Tx1)d (x1,5x1) | Ed (x,Sx0)dxo,Tx1) ,

14d(x0,x1) 1+d (x0,%1)
(] s

XESxQ

Fd(y, Sx)d(y, Ty)
1+ d(x,x1)

Ad(xg, x1) + Bd(xg, Tx;) + Cd(xy, Sxo) +
Dd(Xg,Tx1)d(x1,Sx1)J_Ed(xo,SxO)dxo_Txl)J_
1+d(xox1) 1+d(xox1)

Fd(y, Sx)d(y, Ty)
1+ d(xg, x1)

€ s(x,Tx;) Vx € Sx,

Since X;ESxg, such that

Ad(xg,x;) + Bd(xg, Txy) + Cd(xy, Sxp) +
Dd (xg,TXl)d(X1,SX1)J_Ed (Xo,Sxo)dxg,Txl)J_
+d(rox1)  l+d(ox1)

Fd(y, Sx)d(y, Ty)
1 + d(xo, xl)

€ s(x,Txy)

And
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14d(xg,x1)

Since,S(X)=X and T(X)SX we can construct a sequence
{x} in X such that,

X;=SXg and X,=TX; also in general

(3) Xok1=SXok aNd Xo2=TXoks1 V k=0

From the definition of {x,} and (1) we can construct
d(Xake1, Xokr2)=d(SXak, TXoks1)

< Ad(xzp, X2k 41) + Bd(x2K, Txgpeq) +

Cd(xzp 41, Sx2) +

Dd (x2, Tx2k+1)d (x2k +14bbas uTXZk+1)+Ed (e2px26)d (x2k TX 2k +1)

1+d (x2p0%2k+1) 1+d (x2k%2k+1)
4 Fd (e2k+1,5%25)d (X2 +1,T X2k +1)

14+d (g %2k +1)

Since,

Xok1=SXok

Implies,

d(Xak+1,SX21)=0

implies,

d(SXak, TXore1) S Ad Xk, Xop41) + Bd(xzp, Txop41) +

Dd (XZk.TXZkH)d(XZk+1.TXZk+1)+Ed (x2k,Sx21)d (21, Tx 2k +1)
1+d(x2k%2k+1) 1+d(x2k%2k+1)

as we know that,|1+d(Xok, Xok+1|>[d (Xok, Xox+1)|
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d(Sx2s, Tx241)I< Ald (e, X2k 41D 1+
Bld(xzp, Tz 41| +
D|d(x2ka2k+1)||d(x2k+1rTx2k+l)|+E|d(x2klsx2k)||d(x2k:Tx2k+1)|

[14+d Ceope %2k +1)] [1+d (2 X2k +1)1

= Ald (ks X2 41) | + Bld(egp, x2642)| +
+ D|d(x2k:x2k+2)||d(x2k+1’x2k+2)|+E|d(x2k‘x2k+1)||x2er2k+2)|
[14+d (x2p X2k +1)I [1+d (x2px2k+1)1

< Ald(xzp, X2 +1) | + Bld(xap, Xap42) | +
D|d(xpp %2k +2)11d (g X2k 42|, Eld
T X X
|[14+d (2,2 +2)] | ( 2k 2k+2)|

Since,

A (Xak Xak+2)=<d(Xak, Xake1) +d (Xokr1,Xok+2)

< Ald(xzp, X2 +1) | + Bld(xzp, Xap42) | +
D[ld Geapx2k+DIHId o+ 1.2k +2)111d O+ 1% 2k +2)
[1+d (ezp X2k +1)1

<
Ald (o, Xop41)| +
Bld(x2k, X2k +2) [+D[1d (X2k 11, X2k 42) |+

+E|d(Xak,X2ks2)|

[1+d Cezp,x 2k +1)]

It follows that,

< Ald(xgk, X2k 41| +
Bld(xzp, X2p42) | +2Dd(Xawe, Xai+2l+ E|d(Xok, Xoke2)|

|d(Xoke1 Xaks2)|-2D|d (X1 Xoks2l < Ald (X, X 1) | +
Bld(x2 X2 +2) [+EId(Xak, Xok+2)|

|d(Xaks1,X2k+2) [-[1-2D] < Ald (o, X241 +
[d(x2r, %25 +1) | (B+E)[F[A(Xak+1,X21+2) [(B+E)

|d(Xaks1,X2k+2) [[1-2d-B-E]<(A+B+E)||d(X2x, X2k+1)|

(A+B+E)
|d(X2k+1,X2k+2)|<m [dCeap, X2k 41) |

Similarly;
d(Xake2, Xoke3)=0(Xakea:Xaks2) =0 (SXakr2, T Xok41)

3 Ad(xzp 42, X2141) + BAd(Xgr 42, Txop41) +
Cd(xx 41, Sxop42) +
Dd (x2k+2,Tx2k+2)d (x2k +1,T%2k+1) |
1+d (x2k+2.%2k+1)
Ed (sz+z,5362k+2)d(xzk+2,szk+1)+

1+d (x2k+2:X2k+1)
Fd (x2p+1.5%2k+2)d (2 +1.Tx 2k +1)

1+d(Sx2k+2.%2k+1)

Since,
Xoke2=T Xorsrimplies that d(Xoxs2, TXok+1)=0

therefore,
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ld(x2k+1%2k 42172

d(Xaks2,Xoke3) <A (Xok 12, X2k +1) + CA(Xzp 41, Sxop42) +
Dd (’CZk+2rTx2k+1)d(X2k+1»x2k+2)+

1+d(x2k+2%2k+1)
Fd () +1,%2k+2)d (x2k+1,Tx 9 41)

1+d(x2k +2.X2k+1)

|1+d (Xoks 2, Xk [P|d (Xoks2: X2ke 1) |

We have,

d(Xaks2:X2k+3)< Ald (X2pe 42, X2k 4+1) | +
Cld(xap 41, Sx2p+2) |+
D|d(x2p+2,Tx2+1)1d 2k +1,%2k+2)!

[1+d (e 4222k +1)|
Fld(x2k+1.X2k+2)11d X2k +1,Tx 25 41)|

[1+d 2k +242k+1)]

-+

usimg (3)

= Ald(xap 42, X2 +1) | + ClAd(ox 11, Sxop43)| +
D|d(x2k+2.X2k+1)l1dd (XZk+2.X2k+z)I+

[1+d Cezp+2.%2k+1)]
Fld (oo +3X2k+)11d Ok +2.%2k+ 1|

[1+d(c2k+242k+1)]

< Ald(xgp 42, X2k41) | + Cld(X2k 11, Sx2p43)] +
Fld(xzp 43, X241

Using triangle inequality,

< Ald(Xzp420 X2k +1) | + Cld(x2k 41, Sx2p42)| +
Cld(xap 42, Sx2k43) | +

Fld(x2x 42, X2k +1)| + Fld(Xgp 42, X2k 43)]

|d(Xoke2:Xoke3) |-
Cld(xzp 42, SXor43)| —
Fld(x2k 42, X2k 43)| +< Ald(X2k 42, X2+ +

Cld(xz 41, Sx2r42) | + Fld(xop41, X210 42)1
|d(Xa2x+2:X2k+3) [[1-C-F]<(A+C+F)|d (Xaks2,X2x+1) |

(A+C+F)
|d(Xak+1,XoK42) [< [1—c—F] |[dC2k 42, X2k 41)]

Putting k:max{(A+C+F) (A+B+E) }

[1-C—F] ' [1-2d—B-E]
We obtain,

d (XX 1) <K A (Xp1,%0)|
<K*d(Xn-2,Xn-1)|

Sk3|d(xn»3:xn»2)|
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<k"ld(xo,X1)|V n

Thus for any ne N we have

|d(xn:Xm)| S|d(Xn-Xn+1)| S|d(xn-)(n+1)| S|d(Xn+1:Xn+2)| ~~~~~~~

+ <|d(Xn-1,Xm)|

< (K™K 2HK™3HK™ K™ d(Xo,X0))|
k™n
< (52 d o)l
And so,
k™n
A0 xm) | < ()10 X0) =0

As m,n—o0

This implies that{x,} is a Cauchy sequence in X. since X
is complete, there exist veX such that x,—v as n—>o0, we

now show that veTv and veSv we get,

Ad(XZn,V) + Bd(XZn,TV) + Cd(V, Sx2n) +

Dd (XanTV)d(VrSXZn)+Ed (VISXZn)d(XZn‘TV)_'_Fd (v.Sx2n)d(v,Tv)

1+d(x2,,v)
SXon, TV) Vx,y € X

14+d (x25,V) 1+d(x2,,v)

This implies that,

Ad(x,,,v) + Bd(xy,, Tv) + Cd(V, Sx;,) +

Dd (x2,Tv)d(v,Sx2) | Ed (v,Sx2)d (200, TV) , Fd (v,S%24)d (v,TV)

1+d(x2,,v) 14+d (x25,V) 1+d(x2p,v)

(anSXZH S(X, TU))

And we have

Ad(x3,,v) + Bd(x,,, Tv) + Cd(v, Sx;,,) +

Dd (x27,Tv)d(v,Sx2n) , Ed (v,Sx25)d (x20,TV) , Fd (v,Sx25,)d (v, Tv)

1+d(@2n,v)
s(x, Tv)V x € Sxy,

14+d(x2,,v) 1+d (x24,v)

Since Xon+1ESXon, SO We have,

Ad(xy,,v) + Bd(xy,, Tv) + Cd(v, Sx;,,) +

Dd (x2,Tv)d(v,Sx2) |, Ed (v,SX2n)d (20, TV) | Fd (v,Sx24)d (v,TV)

1+d(x2p,v)
X2n+1:TV)

14+d(x2,,v) 1+d(x25,v)

By definition we obtain,

Ad(x,,,v) + Bd(xy,, Tv) + Cd(v, Sxy,) +
Dd (x2n,Tv)d(v,Sx2n) , Ed (v,Sx2n)d (x20,TV) |
14+d(x2,,v) I 14+d(x2p,v) I

Fd (v,Sx2,)d(v,Tv)
1+d(x2n,v)

Lp))
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€ s(x2n+1,Tv)= (UpeTUs(d(xZn +

3some v,ETV such that

Ad(x;,,v) + Bd(x,,, Tv) + Cd(v, Sx,,) +
Dd (x2n,Tv)d(v,Sx2n)+Ed(v,Sx2n)d(x2n,Tv)+
1+d(x25,v) 14+d(x2p,V)

Fd(v, Sx,,)d (v, Tv)
1+ d(xy,,v)
€ s(d(xZn +1, vn))

€ s(x2n+1,Tv)

i.e.

d(X2n+1,Vn)5 Ad(x2n, V) aF Bd(x2n, TV) + Cd(V, Sx2n) +
Dd (xZn,Tv)d(v,Sx2n)+Ed (v,Sx2n)d (x20,TV) , Fd (v,Sx2,)d (v, TV)

1+d(x25,v) 1+d(x2p,V) 1+d(x2p,v)

using the greatest lower bound property of Sand T we

have,

d(X2n+1:Vn)§ Ad(x2n' x2n+1) + Bd(x2n' vn) +

Dd (x2,,v5)d (VX275 +1) , Ed (v, x25 +1)d (X25,0)

+

Cd(v, x3,41) + 1+d (x2n,v)

Fd(V, x2n+1)d(v' Un)
1+ d(x2n, V)

14+d(x2p,v)

Now using triangle inequality;

d(X2n+1rVn)§Ad(x2n'V) + Bd(x2n'
Cd(V, x2n+1) +

v,) + Bd(xy,,v,) +

Dd (x2n,vn)d(v,x2n+1)_LEd (V,xzn +1)d(x2n‘77n)_|_

1+d(x2p,v)
Fd (v,x2n+1)d(v,vn)
1+d(x2,,v)

14+d(x2p,v)

001, V0)=(755) Az o 1)+ (55 ) ez V) +

(1 B) d(v, xzp41) +
(L) dGan vn)d(x2n+1)

1-B 1+d(x2p,v)
( E )d(V:X2n+1)d(X2nlvn)_,_( F ) d(v,x2n+1)d(v,vn)
1-B 14+d(x2p,v) 1-B 1+d(x2p,v)

again using triangular inequality,
d(V Vi)<d(v, X2n+1)+d(x2n+1xvn)
<d(v, X2n+1)+( )d(xZn ,362n+1)"'(1 B)d(xZn )+

(1 B) d(v, xzp41) +
(L) d(XvaUn)d(V:x2n+1)+

1-B 1+d(X2n,V)
( E )d(V:X2n+1)d(X2nrvn)_,_( F ) d(v,x2n+1)d(v,vn)
1-B 1+d(x25,v) 1-B 1+d(x2p,v)

It follows that,

jd(v.vo)l<ld(v, x2n+1>|+|( ) dCxzns Xansn) +
(1 B) dxzy, v) + ( ) d(v, x2n+1) +
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(L) d(x2n,vn)d(V,x2n+1) +
1-B 1+d(x2p,v)

(L) d(v,x2n4+1)d(20,00) (L) d(v,xn4+1)d(v,v,)
1-B 14+d(x2p,v) 1-B 1+d (x2p,v)

By letting n— oo,we have |d(v,v,)| =0 as n— .
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