Ayhan Fsi el at. International Journal of Recent Research Aspects ISSN: 2349-7688, Vol. 4,
Issue 1, March 2017, pp. 1-7

Some Double Almost (4,,u,,)
convergence in y? —Riesz spaces
defined by Musielak-Orlicz functions

Ayhan Esit and N. Subramanian?

1Adiyaman University, Department of Mathematics, 02040, Adiyaman, Turkey
2Department of Mathematics, SASTRA University, Thanjavur-613 401, India.

Abstract. In this paper we introduce and study the notions of almost (4,,u,) convergence in x> —Riesz spaces;
strongly P — convergence , Cesaro strongly P — convergence with respect to a Musielak-Orlicz functions and
examine some properties of the resulting sequence spaces. We also introduce and study the statistical
convergence of almost (4,,u,) convergence in y* — Riesz spaces and also some inclusion theorems are

discussed.

2010 Mathematics Subject Classification. 40A05,40C05,40D05.

Key words and phrases. analytic sequence, Museialk-Orlicz function, double sequences, chi sequence,Lambda,

Riesz space, strongly, statistical convergent

I.  INTRODUCTION

We denote by w, y and A denote the classes of all, gai
and analytic scalar valued single sequences, respectively.
We denote by w? the set of all complex double
sequences (x,n), Where m,n € N, the set of positive
integers. Then, w? is a linear space under the coordinate
wise addition and scalar multiplication.

Let (x,) be a double sequence of real or complex
numbers. Then the series >.;7 ,,_1 X, is called a double
series. The double series Y. ,—1 X, QiVe One space is
said to be convergent if the double sequence (S,,.,)is
convergent, where

— mmn _
Smn = Djj=1 Xij(m,n=123,..) .

A double sequence x = (x,,,)is said to be double
analytic if

1
Supm,nlxmnlm < o,

The vector space of all double analytic sequences is
usually denoted by A2. A sequence x = (x,y,,) is called
double entire sequence if

1
[Xmn |m+n = 0 as m,n — oo,
The vector space of all double entire sequences is usually
denoted by TI'2. Let the set of sequences with this
property be denoted by A% and T'? be a metric space
with the metric

d(x,y) =
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1
SUPmn {lxmn — Yn |l im,n: 1,2,3,... }, (1.1)
for all x = {x,,,}andy = {y,,,}in T2 Let ¢ denote
the set of all finite sequences;
Consider a double sequence x = (x,,,,). The (m,n)"
section xI™™ of the sequence is defined by x[™n =
Yt x5 forall mn €N,

0 0 .0 0 ..
/o 0 .0 0 \
I
I

...1 0
0 0 ..0 0

with 1 in the (m,n)" position and zero
otherwise.

A double sequence x = (x,,,) is called double gai
1

sequence if ((m+ n)!|xu,|)mm -0 as m,n - oo,
The double gai sequences will be denoted by 2.

1.  DEFINITIONS AND PRELIMIiNARIES

A double sequence x = (x,,,) has limit 0 (denoted by
P —limx = 0)

(i.e) ((m + 1) | Xmn
. We shall write more
convergent to 0.

An Orlicz function is a function M:[0, ) —
[0, o) which is continuous, non-decreasing and convex

1 +
|)/mn—>0 as mn -

briefly as P —
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with M(0) =0, M(x) >0, for x >0 and M(x) —
o as x - oo, If convexity of Orlicz function M is
replaced by M(x +y) < M(x) + M(y), then this
function is called modulus function. An Orlicz function
M is said to satisfy A, — condition for all values u, if
there exists K > 0 such that M(2u) < KM (u),u = 0.

2.1 Lemma

Let M be an Orlicz functions which satisfies A, —
condition and let 0 < § < 1. Then for each t > §, we
have M(t) < K6~ M (2) for some constant K > 0.
The concept of Orlicz sequence spaces was investigate
by many authors, for some examples can be found at [
31,32,33,34,35,36].
A double sequence M = (M,,,) of Orlicz function is
called a Musielak-Orlicz function [see [29,30]]. A
double sequence g = (gmn,) defined by

Imn (V) = sup{vlu — Mp)(W:u = 0}, mn =
1,2,

is called the complementary functions of a
sequence of Musielak-Orlicz M. For a given sequence of
Musielak-Orlicz  functions M, the Musielak-Orlicz
sequence space t,, is defined as follows

ty = {x € w2 Iy (1%, DY™™ 5 0 as mn - o},
where I, is a convex modular defined by

= 22:1 Zg):l an(lxmnl)l/m+n-

2.2 Definition

Iy (x)

A double sequence x = (x,,,) of real numbers is called
almost P — convergent to a limit O if

+p-1 ws+q-1
llmpq_,oosupr5>0pq ot e ((m+

1/m+n
n)! Ixmnl) = 0.

that is, the average value of (x,,,) taken over any
rectangle
{mnyr<ms<r+p-—-1,s<n<s+gq-
1} tends to 0 as both'p and g to o, and this P —
convergence is uniformin r and s. Let denote the set of

sequences with this property as [x2].

2.3 Definition

Let A =(4,) and u = (u,,) be two non-decreasing
sequences of positive real numbers such that each

tending to oo and
A1 S Am + L4 =1, plyys Spp +
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1,“.1 = 1.

Let I,
U, +1,n].

For any set K € N X N, the number

. 1 LN s ,

O u(K) = llmm,n—wom @, j):i€ly,jE
I, (i,/) € K}|, is called the (A, u) — density of the set
K provided the limit exists.

=m—-21,+1m] and I,=[n—

2.4 Definition

A double sequence x = (x,,,,,) of numbers is said to be
(A, u) — statistical convergent to a number ¢ provided
that for each ¢ > 0,

. 1 LN s 3

llmm,n—mo m |{(l']): L€ Ly, j €l |xmn -
§l=zell =0,
that is, the set K(e)= ﬁl{(i, Dii €Ly, j€
Ly | %mn — €] = €} has (A4, 1) — density zero. In this
case the number ¢ is called'the (4, u) — statistical limit
of the sequence x = (%p.,) > and we write

St(l#)ll’mm,n_,mxmn = f
2.5 Definition

Let M be an Orlicz function and P = (p,,,) be any
factorable double sequence of strictly positive real
numbers, we define the following sequence space:

g 1
llmm,n Amtin Zmelm Zne’r,s [M ((m +

1/m+n]Pmn . .
n)!|xm+r_n+s|) ] =0, ¢, uniformly in r and

S.

We shall denote  xZ[AC;, ... P] as
x?[ACy,, ] respectively when p,,,, = 1 for all m and
n. If x is in x?[ACy, ., P], we shall say that x is
almost (A,,u,) in x? strongly P — convergent with
respect to the Orlicz function M. Also note if M(x) =
X,Pmn = 1 for all m,n and k then x%[AC;, . ,P]=
x?*[AC,, ., P], which are defined as follows:

x?[AC;, 4,0 P) ={P—
l”nmn/1 Zmelrs Znelrs [ ((m +

1/m+n A A
n)! |xm+r_n+s|> ] =0, } uniformly in r and s.
Again note if p,,, =1 for all m and n then

XalACy, 0 Pl = XE[ACH, 1 )- We define
XI%”[ACAm#n’ P] = {P -
limm,n ﬁz:melr_s Znelr_s [M ((m +
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1/m+n]Pmn . .
n)!|xm+r,n+s|) ] =0, ¢, uniformly in r and

S.
2.6 Definition

Let M be an Orlicz function and P = (pyn)
be any factorable double sequence of strictly positive real
numbers, we define the following sequence space:

i 1
lP) = {P = g 230, By [ (04

1/m+n]Pmn . .
n)! |xm+r,n+s|) ] = 0¢, uniformly in r and s.

If we take M(x) = x, p,, = 1 for all m and

n then yZ4[P] = x2.

2.7 Definition

The double number sequence x is S; , —P—
convergent to 0 then

{(m, n) €

1/m+n
Ir,s: M ((m +n)! |xm+r,n+s - 0|) }

In this case we write S5, — lim(M(m +
|)1/m+n -0

. 1
P —lim,, , ——max,
" Ambin !

n)! |xm+r,n+s -0

I1l.  THE DOUBLEALMOST (4,,u,,) IN x? iN
RIiESZ SPACE

Let n €N and d,, on X, areal vector space of
dimension m and d,, applied to (x;, -, %,) with n <
m. A _real valued function d,(xq,...,x,) =l
(d1(x4,0), ..., dp(x,,0)) I, on X satisfying the
following four conditions:

() Il (dy(x1,0), ..., d,(%,0)) ll,= 0" if and
and only if d,(x;,0),..,d,(x,,0) are linearly
dependent,

(i) I (dp(x1,0), ..., dp(x,0)) ll, is invariant
under permutation,

(iii)) Il (ad,(x1,0), ., ady(x,,0)) l,= |a] |l
(dp(x1,0), ..., dp(xp,0)) Il € R

(iv) dp ((x1,¥1), (%2, ¥2) **+ (Xn, V) =
(dy G, %2, 20)P + iy (3, 72+ 3)?) P for1 < p <
oo; (or)

(V) d((xlr}ﬁ)'(xbyz):"'(xn'yn)): =
SUP{dp(xpxz'"'xn)'dp(}’LJ’z"”)’n)};

for  x,%, X%, €EX, ¥, Y2, "V EY s
called the p product metric of the Cartesian product of
n metric spaces is the p norm of the n-vector of the
norms of the n subspaces.

A trivial example of p product metric of n
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metric space is the p norm space is X = R equipped
with the following Euclidean metric in the product space
is the p norm:

I (dp (1, 0), ., iy (s 0)) llp=
Sup(ldet(dp (Xmn, 0)) |) =

dp (x11: 0) dp (x12: 0) dp (xln: 0)
dp(x21' 0) dp (x22,0) dyp (X1, 0)
sup i ) i
\ dp (an, 0) dp (an' 0) dp (xnn: O) /

where x; = (x4, x;n) € R" foreach i =1,2,---n.

If every Cauchy sequence in X converges to
some L € X, then X is said to be complete with respect
to-the p — metric. Any complete p — metric space is
said to be p — Banach metric space.

3.1 Definition

Let L be a real vector space and let < be a
partial order on this space. L is said to be an ordered
vector space if it satisfies the following properties :

(i) fx,yeLand y<x, theny+z<x+z
foreach z € L.

(i) If x,y €L and y < x, then 1y < Ax for
each 1 > 0.

If in addition L is a lattice with respect to the
partial ordering, then L is said to be Riesz space.

A subset S of a Riesz space X is said to be
solidif y € S and |x| < |y| implies x € S.

A linear topology t on a Riesz space X is said
to be locally solid if T has a base at zero consisting of
solid sets.

3.2 Definition

Let

X2 [ACM, P, || (d Ger, 00, dp (22, 0), i (-1, 0)) ||p]

be a Riesz space of Musielak-Orlicz functions. A
sequence (x,,,) of points in y? is said to be S(t) —
convergent to an element 0 of x? if for each 7 —
neighbourhood V of zero,

1) ({m,n € N:M,,, (((m +n)! Ixmnl)l/mm) &

v =0
that is , (P -

. 1
llmm,n,r,s m{z:melm Znelr,s [M ((m +

page-3-



Ayhan Fsi el at. International Journal of Recent Research Aspects ISSN: 2349-~7688, Vol. 4,
Issue 1, March 2017, pp. 1-7

1/m+n]Pmn . .
n)!|xm+r,n+s|) ] g Vi) =0, uniformly with

respect to r and s.
In this case we write

S(t) — (P —
. 1
llmm,n,r,s E{Zmelm Znelr’s [M ((m +
1/m+n]Pmn . .
n)! |xm+r,n+s|) ] g Vi) =0, uniformly with
respect to r and s.
3.3 Definition

Let

pes [ACM,P, (dyCer, 0, dp Gz, 00, dy (a1, 0) ||p]

be a Riesz space of Musielak-Orlicz functions. A
sequence (x,,,) of pointsin y? issaid to be (A,,us) —
sequence convergent to an element 0 of y? if for each
T — neighbourhood V of zero,

¢

(P_

é ({m,n €N:M,,, (((m +n)! |xmn|)1/m+n)

V})zo

that is,

1

. 1
llmm,n,r,s Amln Vyvs {Zmelr_s Znelns [M ((m +

1/m+n]Pmn
n)! |xm+r,n+s|) ] ¢ V}) = 0.

In this case we write
AL}#(T) —_ (P —_

1

. 1
limpy, s . W {Zmelr_s Znelns [M ((m +

1/m+n]Pmn
n)! |xm+r,n+s|) ] & V}) =0.

Where ALy, (t) represents is a double almost

(Au) strongly summablein y? —Riesz space defined by
a Musielak-Orlicz functions.

3.4 Definition

Let

X2 [ACM, P, | (dp Ger, 00, dp (2, 0), -+, i (-1, 0)) ||p]

be a Riesz space of Musielak-Orlicz functions. A
sequence (x,,,) of points in x? is said to be Cesa'ro
strongly summable almost (Au) — sequence convergent
to an element 0 of x2 if for each T — neighbourhood V
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of zero,

8 ({m,n € N: My, ((On + 1)1 ) ™™) €

v)=0
. . 1 1 P q
that IS, P — llmm,n,r,sME Zm Zn M ((m +

1/m+n]Pmn
n)! |xm+r_n+s|) ] ¢ V}) = 0.

In this case we write

O-)Lm#n(‘[) N (P N
lim et D YD P I (/S
pamnrs oo | dm=1 Ln=1

1/m+n]Pmn
n)! |xm+r_n+s|) ] ¢ V}) = 0.

Where a,,(t) represents is a double Cesa'ro

strongly summable almost  (Au) -sequence of y? —
Riesz space defined by a Musielak-Orlicz functions.

3.5 Definition

Let
X [ACM,P, (dy Cer, 0, dy Gz, 0, dy (a1, 0) ||p]

be a Riesz space of Musielak-Orlicz functions. A
sequence. (x,,,,) of points in x? is said to be S(7) —
statistically convergent to an element 0 of y?2 if for each
T — neighbourhood V' of zero,

) ({m,n €EN:M,,, (((m +n)! Ixmnl)l/mm) ¢
V}) =0
that is, (P -

. 1 1
limy gmnrs 7> card {(m, n):m<pn<
mHn

pq
1/m+n]Pmn
q and [M ((m + n)! |xm+r_n+s|) ] >ec¢
V, for each &> 0}) =0.
In this case we write
page-4-
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1 1
S(t) — (P —lim ——— card {(m, n):m
PATEEES dmbin G

<pn
<q and [M ((m

|)1/m+n]Pmn

+n)! |xm+r,n+s =y

&V, for each &> 0}) =0.

3.6 Definition

Let

X [ACM,P, (p Ger, 00, iy (g, 0, dp (s, 0))||p]

be a Riesz space of Musielak-Orlicz functions. A
sequence (x,,,) of points in x? is said to be
Symu, (r) — almost (Au) statistically convergent to an

element 0 of x? if for each v — neighbourhood V of
zero,

§ ({m,n €N:M,,, (((m +n)! Ixmnl)l/m+n) ¢

V})zo

that is, (P - limm,n,r,sll 1# -
mHn

Vg

card {(m, n) €

)1/m+n]pmn

I,s and [M ((m + ! Xomar s >cé

V, for each &> 0}) =0.

In this case we write

Slmﬂn (T) - (P N

1
lim e card{(m,n) €
mmn,r,s lmﬂn Vv ( y )

Pmn

1/m+n
I.s and [M ((m +n)! |xm+r‘n+s|) ] >c¢

V, for each &> 0}) =0.

A double sequence A1, = (a,, Bs) is said to
be double almost if there exists sequence (a,) and (B;)
of non-negative integers such that

UV =Q—Qp_g 20 asr—-o00,a,=0
Vg =fs— Ps-1 > ®aS s> 0,,=0

Let v, = v,v5, A4, IS obtain by I =
{Cy)ar g <x<a and f;_; <y<ps}

IV.  MAIN RESULTS
4.1 Theorem
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Let (4,,u,,) be adouble almost Riesz sequence
space and M be a Musielak-Orlicz functions. Then if
double almost (4,,u,) convergence in x? is strongly
summable then it is almost (A,,u,) statistically
convergent.

Proof: Suppose x? is double almost (A,,u,,)
convergence in Riesz space of Musielak-Orlicz functions
is strongly summable. Then,

. 1
(llmm,n m{ZmEIW Znelns [M ((m +

1/m+n]Pmn
n)! |xm+r_n+s|) ] g V¢ | = 0. Now the results

follows from the following inequality

Zmam Znam [M ((m +

|)1/m+n]pmn

! X rmts > ecard {(m, n) e

1/m+nyPmn
Ipg: [M ((m +n)! |xm+r,n+s|) ] > e}.

Remark: The converse of the above theorem is
not true. For it, we consider the following example.

Let A,u, = 2™, 2™");m,n=123,:-. Then
S(r) = 0;,,4,(r). Consider the sequence x = (x;n,) as
follows:

If s =i%i €N then,

((m +n)! xm+r,n+s(t)) =

t 1/m+n .

i+ if —Vs=te=<o
¢ 11/m+n .

[1 - ﬁ] , if 0<t<+s

0, if otherwise

If s # 2 then, ((m + 1) Xmarnes(8)) = 0.

The sequence x = (X,,,) is almost (A1)
statistically convergent to 0. But

I 1 1 ZP Zq [M ((
Hpamnrs 3 g (Lamer Lanei m

1/m+n]Pmn
+ n)! |xm+r,n+s|) ]

- 1 as p,q— .
4.2 Theorem

Let (A,,145,) be adouble almost Riesz sequence
space and M be a Musielak-Orlicz functions. Then if
double almost (A,,u,) convergence in x? is
statistically convergent, then it is almost (A,,u,)
Cesa'ro strongly.

Proof: Suppose x = (x,,,) is bounded and

statistically convergent to 0, we can find a number N

page-5-



Ayhan Fsi el at. International Journal of Recent Research Aspects ISSN: 2349-~7688, Vol. 4,
Issue 1, March 2017, pp. 1-7

N

(m+n)! 1/min

1/m+n
such that [M(|xm+r,n+s|) ] <
m,n € N.
Since x = (x,,,) IS statistically convergent to

0, for each £ > 0 such that

for all

lim 11
PAMNTS 3 g

pn<q and [M (m+

1/m+n pmn
n)! |xm+r,n+s|)

Therefore
1
(Amun Pq {Zl<m<p Lisnsq [ (
1/m+nPmn
n)! |xm+r,n+s|) ] }) =

( L N card{(m,n):mSp,nS

card {(m, n):m<

.O

AmHn P4

Pmn

1/m+
q and [M ((m+n)!|xm+r_n+s|) " n] >

ef) e

4.3 Theorem

Let (4,,u4,,) be adouble almost Riesz sequence
space and M be a Musielak-Orlicz functions. Then if
double almost (4,,u,) convergence in x? is bounded
and statistically convergent, then it is almost (A1)
strongly.

Proof: Proof follows by similar arguments as
applied to prove above theorem.

4.4 Theorem

Let (4,,u4,,) beadouble almost Riesz sequence
space and M be a Musielak-Orlicz functions. Then if
double almost (4,,u,) convergence in x? is bounded
then it is almost (4;,u,,) statistically convergent if and
only if strongly.

Proof: Proof follows by combining Theorem
4.1 and Theorem 4.3.

4.5 Theorem

ALy, (t) is a complete metric under the metric
g is defined by
9(x,0) =

- {Zmelﬂs Znelns [M ((m +

1
su —
Prs Ambn VrVs

1/m+n)Pmn
n)! |xm+r,n+s|' 0) ] })

Proof: Itis easy to see that ALy, (7) isa metric.
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To Prove completeness, let x! be a Cauchy sequence in
ALy, (v), where x' = (x},,,) for each i € N. Therefore
for each € > 0, there exist a positive integer n, such
that

g0, 0) =
1
Supr,s </1 Lin Vrvs {Zmelrs Znelrs [M (m +

1/m+n1Pmn
n)! |xm+r,n+5|,0) ] < ¢ forall i = n,.

It follows that

- {Zmelrs Dinel, [M (m+

Ambn Vrvs
1/m+n1Pmn )
! Xmar s 0) ] < forall i > n,, forall

r,s € N.
Hence

1/m+n1Pmn
| ) ] <e for all

[M ((m + n)! |xm+r,n+s ,0
m,n € N.

This implies that (x},,) is a Cauchy sequence
in L(R). But L(R) is complete and so (x},,)
convergent in L(R).

Therefore let lim;_ e Xby, = X, €Xists for all
m,n = 1.

This implies that g(x%,0) < & for all i > n,.
This show that x = (xm,) € ALy, 0, (7).

46 Theorem

03,(7) is @ complete metric space under the
metric g defined by g (x,0) =

supy,s (l — {21<m<r Sranss | M (0n+

1/m+n]Pmn
n)! |xm+r,n+s|' 0) ] })

Proof: The proof of theorem is followed by
theorem 4.5. In fact A,u, = (27,2%);7r,s =1,2,3, -,
and ALy, (t) = 0y, (7).
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