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l. INTRODUCTION

In recent years, fractional order differential equations
have become very popular mathematical modeling [1]. A
physical interpretation of fractional integral and
derivative is given in [2]. Although there are many
approach to generalize the nth derivative of f(t),but the
most commonly used definitions are Riemann—Liouville
and Caputo fractional derivatives. Fractional-order
differential equations occur in a surprising number of real-
world models. At the heart of a lot of applications is the
phenomenon of anomalous diffusion. The isotropic
normal diffusion equation is (with time scaled to remove
physical constants):

—Au=0
and can be derived in a number of ways: a random walk
model, Fick’s law of diffusion and the Langevin
equation are discussed in[3]. According to Vlahos et al.,
the assumptions for these models are fair for diffusion in
homogeneous media, but not for a medium which is
highly heterogeneous, a particular case they discuss is
when the diffusive system is far from equilibrium

Il. OVERVIEW: FRACTIONAL CALCULUS

Fractional Calculus is a term used for the theory of
derivatives and integrals of arbitrary order, which
generalize the notion of integer order differentiation and
n-fold integration. The idea behind Fractional calculus is
to generalize the definition of differentiation and
integration with order n € N to order s € R. The first
discussion [9] on Fractional Calculus began in 1695 in a
letter to L Hopital by Leibniz in which he discussed about
calculus of arbitrary order. Fractional Calculus is three
centuries old. Few names that laid the foundation of
Fractional Calculus are Abel, Liouville, Riemann, Euler,
Caputo etc. Fractional Calculus has recently been applied
in various areas of engineering, science, finance, applied
mathematics and bio engineering.[10] . It has earlier been
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observed that derivatives of non-integer order are useful
for describing the properties of various real materials like
polymer, rocks etc. Also the fractional order models were
found more logical to talk an discuss about than the
integer-order models. In this paper we are focusing on
Fractional Derivatives. Different people gave different
definitions for the Fractional Derivative. Few definitions
are :

Grunwald-Letnikov Fractional Derivatives: Let us
consider a continuous function f(t)
We define

DLF(D) = lim k- pZ( 1" ( f(t—rh)

nh t a
The above formula has been obtained under the
assumption that the derivatives f®(t) (k=1, 2, 3,. . .
,m+1) are continuous in the closed interval [a,t] and that
m is the integer number satisfying m > p-1.
Riemann-Liouville Derivatives:

DU =
)™ Pf(r)dr, Im<p<m+1)

CRLRINGE

Caputo’s Fractional Derivatives:

The definition of the fractional differentiation of the
Riemann-

Liouville Derivatives type played an important role in the
development of the theory of fractional derivatives and for
its applications in pure mathematics. However, the
demands of modern technology require a certain revision
of well established mathematical approach .The Caputo
approach provides an interpolation between an integer
order derivatives:

N AR O))
F(a n)Ja (x-u)x-n+1)

‘D*f(x) =
R,neN
Euler’s Fractional Derivatives:

n—1<«x<n,xe
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Sequential Fractional Derivatives:

The main idea of differentiation and integration of
arbitrary order is the generalization of iterated integration
and differentiation. In all these approaches we replace the

integer valued parameter n of a operator denoted by ;t_n

with a non integer parameter p.

However, we can assume that the n-th order

differentiation is simply a series of n first order

differentiation .So, considering more general expressions
D& = D/*D/?D/ .........D{™

Where a =a; + a, + ag + - .......a,,which we will

also call the sequential fractional derivatives.
Indeed, Riemann-Liouville Derivatives can be written as

p _ d p-(n-p)
D f( ) ZZ . ....EaDt f(t)
p<n)
While the Caputo fractional differential operator can be

written as

DUf(x) = oDy TP L i A()

l<p<n-1)

Properties of Fractional Derivatives:
Fractional Derivatives satisfy almost all the properties
that hold for[5] ordinary derivatives. We are aware of the
general properties of the derivative operator D* ,n € N:
Below mentioned are the properties of Fractional
Derivative that'can be easily verified

(n-1<

(n-

o DX[fOg®] = g(k og“) DERF(DOIDELg (1))
o «<+1
where (k) = m.
o DI (OC] = Xio(3) DETFIF(DIDELC] =
De[f@)]C
o DI[R®) +9(®)] = Teo(§) DETF[tIDE[ () +
g(@®)] = D¢ [h(t)]+D{ [g ()] .

o Df[h(at)] = a*D[h(x)],x = at .
o DE[tT™] = (—1)FEI pm(mbe),

I'(m)
o DITV[f(D)] = DEIDE(F(D)] = - DY [D¥ (f (E)].
1 _ T(B+1) 41 _ tPHL
Dt [tﬁ]—mtﬁ —m:
Where
a € DE[fF (g )] = Tiso(5) DE*FIFDIDELg (D)),
I'(x+1)

where (¥) = T
e DF[f()C] = Tio(}) DEFIFDIDEIC] =
DZ[f (£)]C Where C is an arbitrary constant.
o DI[R(®) + g(O] = Tio(f) DEFE°IDE[h(E) +
g(©)] = D [h(®)]+D[g(®)] .
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o DX[h(at)] = a*DX[h(x)] under the scaling x =

at.

e DX[t™™] = (—1) F(FTE”;X) t=(m+=) for a given m €
R.

o DIf(0)] = DYDY (f ()] = DY[D{ (f ()]

under the composition of DY and D} on f£(¢).
— r(g+1 t
o D7tF] = L gv 07
corresponding to a negative order derivative.
Mittag-Leffler Function:
The Exponential function play a important role in the
theory of integer order differential equation its one
parameter generalization is denoted by[4]

a(z) Zk 0F(0(k+1)

was introduced by G.M Mittag Leffler [5, 6, 7] and also
studied by A.William[8, 9] .

111, LAPLACE TRANSFORMS AND INVERSE
LAPLACE OF FRACTIONAL DERIVATIVES:

The Laplace transform of a function f(t) is defined as
F(s) = L(f(t)=/, e *‘f(t) dt

For existence of Laplace transform of f(t), f(t) must be of

exponential order. The original f(t) can be obtained from

F(s) with the help of [3]Inverse Laplace Transform

f(t) = LU [F(s),t] = [ e F(s)ds, c=Re(s)>

where B ER

Co
Where ¢y lies in right half plane of the absolute
convergence of Laplace integral.
Laplace Transform of convolution is defined as
%M =, f(t—Dg@dr = J, g(t -

T)f(t)dt

Another useful property which we are needed is
Laplace Transform of derivative of an integer order

n of a function f(t) :

L{F™(@); s} = s"F(s) -
s"F(s) — XRZos* f*771(0)

Likewise, we can easily prove Laplace Transform of
Fractional derivatives of order p> 0 in terms of Riemann-
Liouville Derivatives p'"
L{oD} f (£); s}=sPF(s)— Zp=g s* [oD) 7 F ()]
(n-1<p <n)

Tizos" MO =

Similarly, we can easily establish Laplace Transform
Caputo Derivative as
L{*D%f (x); s} = sPF(s)— Li=o
(n-1<p <n)

IV. EXISTENCE AND UNIQUENESS OF
SOLUTIONS

In this chapter we consider the existence and uniqueness
of solutions of initial value problem of fractional order

s (00}
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differential equation. First we consider the case of linear
fractional order differential equations with continuous
coefficients and bring the proof of existence and
unigueness theorem for one —term and n-term fractional
differential equations.
Then we give the proof of existence and uniqueness
theorem for general term fractional differential equations.
Finally, we discuss the dependence of solution of general
fractional differential equations on initial conditions.
Linear Fractional Differential Equation.
In this section the existence and uniqueness of solutions
of initial value problem for liner fractional differential
equations with sequential derivatives are discussed.

Let’s consider the following initial value problem:

Now by definition of Riemann-Liouville Derivatives of

power function and taking in to account that LI

I'(-m)

Oform=1,23..... we can easily obtained

ok t9i—1 _ t9i—0k~1 o t9i— _
DGy T raeg ¢ K<E A0 DG ))
whenk > i

DOk t%i~ t%i-%k , op %
oDt F(o)) T I(oj-op-1) ' k<i and oD, (F(c )) -
lwheni=k
oDy ﬁ)—OIfk>LWherek 1,2,........ nandi=
12,3 e, n

It follows that y(t) € L,(0,T) and it satisfies the initial
conditions. So existence of solution is proved. Uniqueness
follows from the linear property of fractional derivative

ry () + 72O [oD, (0] + pa®y(©) = £ and Laplace Transform.

(O<t<T<oc) 4.1.1)
[onnﬂY(t)]t:o: by

aq
o))
DTo'k—l _

att -
O = Z;C la]

(K=120 oo, n)
0<a<1( =120

And f(t) € L, (0,T) i.et [ If (£)] < oo
Here we assume f(t) = 0 fort > T. Also we can have

n)

p()=0 fork=1,2.......... n

Theorem:

If (t) € L;(0,T), Then the equation (Dy™y(t) = f(¢t)
(4.11.2)

has unique solution y(t) € Ly(0,T), which satisfying
the initial conditions given by (4.1.2)
Proof: Using Laplace transform of Sequential Fractional
Derivative and equation (4.1.1.1), we get

snY(S) - +Xrsg s k[ [(DY ™Ky (6)]em0=

F(s)
Where,Y(s) and F(s) denote the Laplace transform of y(t)
and f(t).

Using Initial Conditions:

Y(s) =57 F(s) +XRZ0 bn—ys—on-i

Inverse Laplace Transform
y()=1/T(ay)

b
+ n-1_5%n-k tan k-1
Zk OF(O'n_)

and by

J, (t = D (r)dr

For n—k=i we have y-1T(s,) [ (¢t
n—1 bi i
Do) + Xy ot
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Indeed If there exist two solutions y,(t)and y,(t) of
considered problem, then the function
2(t) = y1(0) — y,(t) must satisfies the Dz(t) =0
and the initial conditions which gives. Laplace transform
of z(t) as zero and it proves the uniqueness of the solution.
Theorem: If f@)€e Li(0,T) and p;(t)
=123 e, n) are continuous functions in the
closed interval [0,T] Then the initial value problem (4.1.1-
4.1.2) has a unique solution y(t) € L,(0,T).
Proof: Let us assume that the above equation has solution
y(t) and, let us consider
Dy (t) = ¢(t)
Using previous theorem
YO = 10@,) [t =0 @dr + I, 5
(4.1.2.2)
using 4.1. 1 and 4121 we have

Cy (@) + TR Pnoi () oD Ky (@) + pa Dy () = £(1)

We obtain the volterra integral equation for the
function ¢(t) :
t
0+ [ KD ot = g(©

0
(t-p)°n~t

I'(on)

Where

n-1 pp_g(t) (t-t)°n~ k1
k=1 I'(on-ok)

wwﬁw—mm2m§%

Zmuoz o

i=k+1 F(Gl B Gk)
Aspi(t) (=1,2,3.........ccccce n) are continous functions
in the closed interval [0,T]
So we have

K, 1) =

K(t, 1) = pn(D)

kK*(t,T)

sy and
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Where k*(t,T)is continous for0 <t < Tand 0 <
T<T and
n= min(o-n' On = On-1,0n = On-2,0n
— O3 we vee ve et wre wre ven eee s O — O7)
= min(o,, ay,)
Similarly, g(t) can be written
g0 = &5
Where g*(t)is continous in [0,T] and
v = min(ol, 02,03 w002 000 = 07, ce et eveeve e e

Oy, —
01} weeveee O — 0n—1) = min(oy,, o)
clearly0 < p<1and 0 < v<1 .lt is known that the
equation with weak singular kernel and with choice of
g(t) has a unique solution @(t) € L;(0,T).The unique
solution (t) € L, (0, T) can be obtained using the previous
theorem
5. Examples

In this section We use Laplace Method to solve
ordinary Fractional differential Equation.
Examplel: Consider the equation

1

oDZf(8) + af (£) = 0 (t > 0);

-1
[0D,? f()]t=0=C
Applying Laplace Transform, we get
-1

FS) = [oD f(D)]s0=C

Using Inverse Laplace Transform
F(©) = €t 2E1a(=aVt)
2’2

Example2: Let us consider the following Equations
oD F(O) + D/ f (1) = h(D)

Let’s assume here 0 < g < Q < 1. Laplace Transform Of
above equations leads to

(9 +sDF(s) =C+ H(s)

D2 F(®) + DI f(£)]eo= C and then after taking
inversionforf = Qanda =Q —q

we get

f(t) =Ca(t) + ftG(t —1)h(r)dt
0

(D27 F () + D f(D)emo = c
G(t) =t Eg_go(—t979)
Example 3: Consider the following non-homogenous
fractional differential equation
oDy (©) + Ay(t) = h(t)
[oDE " y () ]e=0= by
=12 3, n, where
n—-1<a<n
Taking into account the initial conditions ,The
Laplace Transform of the above equation is

© 2017 JJRRA All Rights Reserved

STY(s) — AY(s) = H(s) + Z by 51

k=1

The inverse Laplace Transform give the solution:

Y(O)y(©) = iy b t“ E g qpora (A9 + [ (t =
) 1E g o(A(t — T)*)h(7)dr.

V. CONCLUSION

In this paper, we prove the existence and uniqueness of
solutions of initial value problem of fractional order
differential equation. First we consider the case of linear
fractional order differential equations with continuous
coefficients and bring the proof of existence and
uniqueness theorem for one —term.and n-term fractional
differential equations.Then We Hlustrate some examples
using Laplace Transform Method to solve Ordinary
Fractional Differential equations..
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